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ABSTRACT
Lipids, specifically phospholipids like dipalmitoylphosphatidylcholine (DPPC),
undergo an order/disorder phase transition between fluid and gel states at ambient
temperature and pressure. In the case of lipid-wrapped nanoparticles (LNP), where
lipids are wrapped around a nanoparticle core, additional factors like curvature and
nano-lipid interaction are present, resulting in a relatively poor understanding of the
transition. Computer simulation, specifically molecular dynamics, is an ideal tech-
nique to study the fluid/gel transition from the molecular viewpoint.
However, simulation of phase transitions is difficult; large free energy barriers
separate stable phases, leading to broken ergodicity. Enhanced sampling methods
are necessary to study rare events, like phase transitions, which occur on the second,
or longer, timescale. Two such methods, the generalized replica exchange method
(gREM) and statistical temperature molecular dynamics (STMD), and their recent
developments, utilize generalized ensembles to provide enhanced sampling near phase
transitions. Using the above methods,we studied flat lamellar bilayers, followed by
more complex curved vesicles, and ultimately LNP.
v
In bilayers, the gREM finds a strong coupling between phase transitions of the
lipid and water subsystems. Subsequent simulations on an implicit water bilayer
revealed distinct subphase transitions between coexisting states of fluid and gel lipids.
STMD applied to vesicles shows weakening of the transition and overall lowering of
the transition temperature with decreasing diameter, from first order at 40 nm to
borderline first/second order at 20 nm and 10 nm. No homogeneous gel phase is
formed, instead, low energy structures exhibit a faceted gel phase with gel patches
separated by fluid lipid seams. For LNP, we find that curvature promotes the fluid
phase but the presence of a core induces order, particularly in the inner layer. This
nontrivial balance results in a broad, continuous phase transition for small LNP that
becomes a sharp, first order transition between distinct fluid and gel states for large
LNP.
Overall, LNP hold great promise in a wide range of fields like drug delivery,
imaging, and photocatalysis. We aim to provide a first-principles understanding of
their properties by utilizing innovative simulation methods to obtain molecular details
not available to experimental or traditional methods.
vi
Contents
1 Background on LNP and Generalized Ensemble Simulation of Lipids 1
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 The Fluid/Gel Transition in Lipids . . . . . . . . . . . . . . . . . . . 2
1.3 Role of Computer Simulation . . . . . . . . . . . . . . . . . . . . . . 4
1.4 The Generalized Replica Exchange Method . . . . . . . . . . . . . . . 8
1.5 Statistical Temperature Molecular Dynamics . . . . . . . . . . . . . . 10
1.6 Overview of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2 Enhanced Sampling of Phase Transitions in Coarse-Grained Lipid
Bilayers 16
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.2 Computational Details . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.3.1 Explicit solvent bilayers . . . . . . . . . . . . . . . . . . . . . 20
2.3.2 Implicit solvent bilayers . . . . . . . . . . . . . . . . . . . . . 28
2.3.3 Temperature-dependent order parameters . . . . . . . . . . . . 35
2.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3 Simulation of Fluid/Gel Phase Equilibrium in Lipid Vesicles 40
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.2 Computational Details . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
3.3.1 STMD applied to vesicle phase transitions . . . . . . . . . . . 43
vii
3.3.2 Structure of fluid and gel vesicles . . . . . . . . . . . . . . . . 47
3.3.3 Fluid/Gel transition pathway . . . . . . . . . . . . . . . . . . 57
3.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
4 Lipid Packing and Phase Transitions in Lipid-Wrapped Nanoparti-
cles 65
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
4.2 Computational Details . . . . . . . . . . . . . . . . . . . . . . . . . . 67
4.2.1 LNP model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
4.2.2 Hybrid algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 69
4.2.3 Jarzynski algorithm . . . . . . . . . . . . . . . . . . . . . . . . 72
4.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
4.3.1 LNP packing . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
4.3.2 Temperature dependence and phase transition . . . . . . . . . 76
4.3.3 STMD applied to LNP . . . . . . . . . . . . . . . . . . . . . . 85
4.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
5 Conclusions 92
5.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
5.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
A Appendix 95
A.1 Replica distributions used for gREM simulations on lipid bilayers . . 95
A.2 Fluid/Gel Vesicles from STMD . . . . . . . . . . . . . . . . . . . . . 96
References 102
Curriculum Vitae 111
viii
List of Tables
2.1 Gel-fluid transition temperature, homogeneous nucleation tempera-
ture, and limit of gel stability for the studied systems . . . . . . . . . 22
2.2 Temperature dependent order parameters, Bilayer Thickness (DB) and
Area per Lipid (A) for 32 Wet and 390 Dry MARTINI lipids and ex-
perimental results. Gel-phase results are indicated in bold. . . . . . 37
ix
List of Figures
1·1 The configuration of a typical LNP with inner layer (orange) close
to the NP core and multicomponent outer layer (green) with guest
molecules (colors). Part of the lipid wrapping is hidden to show the
NP core. Adapted from Ref. [3] . . . . . . . . . . . . . . . . . . . . . 2
1·2 Cartoon of the statistical temperature, TS(U) (black), showing a S-
loop, as in a first order phase transition. For melting with constant
temperature, T (green), there are three intersections with TS(U) cor-
responding to free energy minima at U1 and U2 with barrier at Ubar,
requiring superheating of the low energy phase to a higher tempera-
ture, T ? (blue), to irreversibly transition to the high energy phase and
failing to sample the coexisting states (orange). . . . . . . . . . . . . 6
1·3 Cartoon illustrating the gREM with different Tg(U) (green dashes) to
sample energies at the intersection of Tg(U) with TS(U) (black line).
Even regions of the coexisting states (orange) are easily sampled as
equilibrium states using a Tg(U) with a sufficiently large and negative
slope. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1·4 Statistical temperature of N = 110 LJ system for various initial δf
values with poor choices resulting in extreme noise. Inset shows the
energy histograms failing to sample a flat distribution except for the
optimal case of δf = 0.001. . . . . . . . . . . . . . . . . . . . . . . . . 13
2·1 MARTINI DPPC lipid (left) compared to atomistic DPPC (right). . 17
x
2·2 TS(H) for 32-lipid Wet MARTINI DPPC bilayer for both melting (pur-
ple) and freezing (green). The transition temperature, shown in dotted
gray at 304 K, connects gel lipids in ice with fluid lipids in liquid water
and was calculated by the Maxwell equal-area construction. A nu-
merical summary is shown in Table 2.1. Statistics were computed by
dividing the total data set into five segments and averaging. . . . . . 21
2·3 β ′S(H) for 32 wet lipids for both melting (purple) and freezing (green).
In the microcanonical approach, peaks in β
′
S with height values larger
than zero indicate a first order phase transition. . . . . . . . . . . . 23
2·4 Melting of the 32 Wet lipid system, with phases of the combined lipid-
water system indicated by arrows: left to right, tilted-gel lipids with
ice, gel lipids with ice, gel lipids with ice and liquid water, gel lipids
with liquid water, fluid lipids with liquid water. Phase separation of
MARTINI anti-freeze water (brown beads) was observed in low en-
thalpy replicas. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2·5 Freezing of the 32 Wet lipid system, with phases of the combined lipid-
water system indicated by arrows: right to left, fluid lipids with liquid
water, gel lipids with liquid water, tilted-gel lipids with liquid water,
fluid lipids with ice, gel lipids with ice. . . . . . . . . . . . . . . . . . 25
2·6 TS(H) for 32-lipid Wet MARTINI DPPC bilayer initialized as gel lipids
with liquid water and transitioning to fluid lipids with liquid water.
The transition temperature calculated for the main gel to fluid transi-
tion by the Maxwell equal-area construction as shown in dotted gray
was 292.4 K. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
xi
2·7 TS(H) for 390-lipid Dry MARTINI DPPC bilayer (top) for both melt-
ing (purple) and freezing (green). The transition temperature was
calculated by the Maxwell equal-area construction and shown in dot-
ted gray at 333.3 K. The homogeneous nucleation temperature and the
limit of gel stability are identified by the minimum in the freezing curve
and maximum in the melting curve respectively and are presented in
Table 2.1. Peaks in β′(H) (bottom) with heights greater than zero
indicate first order subphase transitions between distinct coexisting
states. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2·8 Progression of the phase transition in a 390 lipid Dry-MARTINI bi-
layer by visualization of the second hydrophobic bead (C2 bead) in
the lipids of one leaflet for the melting process (top) and freezing pro-
cess (bottom). Colors were assigned based on the number of neighbors
within 7.5A˚ with red indicating the gel-phase with exactly six neigh-
bors, yellow with five neighbors, gray with seven neighbors, and blue
indicating the fluid-phase with less than five neighbors. . . . . . . . . 30
2·9 Dry MARTINI lipids in the interdigitated gel phase forming a ‘ripple’.
Instead of ordering tail-to-tail, the lipids from opposite leaflets slide
together when freezing, causing disorder along the lipid headgroups. 31
2·10 The lipid-water interaction energy for 32 Wet DPPC lipids decreases
as a function of total enthalpy. . . . . . . . . . . . . . . . . . . . . . 32
xii
2·11 Statistical temperature from 32-lipid and 390-lipid Dry MARTINI sim-
ulations showing differences in finite size effects. Transition behavior
is roughly similar, but over-stabilization of the ordered gel phase in
the 32-lipid system leads to an increased gel stability temperature,
and thus a slightly higher Teq of 338 K, compared to 333.3 K for the
390-lipid system. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2·12 Coexisting state with tilted-gel in the upper leaflet and gel in the lower
leaflet. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2·13 Temperature-dependent order parameters for wet (top) and dry (bot-
tom) MARTINI bilayers for melting (purple) and freezing (green).
Only melting is shown for wet MARTINI, which refers to the spe-
cial initialization with all replicas initialized as gel lipids with liquid
water. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3·1 Energy histograms (A) for all three vesicles taken from production data
only. Potential energy trajectories for the production run (B-D) show
that many fluid/gel transitions were simulated. . . . . . . . . . . . . 43
3·2 Top: TS(U) for three different sized vesicles with diameters 10 nm (pur-
ple), 20 nm (green) and 40 nm (blue) showing an increase in transition
temperature with size and an overall increase in transition strength.
Bottom: Derivative of 1/TS(U) for each vesicle indicates a first or-
der transition with peaks greater than zero (gray line) for 40 nm and
borderline otherwise. . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3·3 Transition temperature for all vesicle sizes versus 1/diameter where
zero is the reported value for planar bilayers[49]. . . . . . . . . . . . . 46
xiii
3·4 Distribution of lipid headgroup angles in the fluid phase. In the small-
est (10 nm) vesicle (purple) the inner and outer layers are clearly dif-
ferent, with the inner layer (solid) showing a peak at larger extension
than the outer layer (dashed). Larger vesicles have no difference be-
tween layers, indicating the strong influence of the high curvature in
the smallest vesicle. . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3·5 Top: Gel fraction versus energy showing all vesicle sizes (colors) and the
breakdown into both inner (solid) and outer (dashed) layers. Bottom:
Gel fraction vs temperature for the entire bilayer. . . . . . . . . . . . 49
3·6 Snapshots of the low energy gel phases found by STMD. The 10 nm
vesicle (top) has an aspheristic and almost trigonal inner layer. Larger
20 nm (middle) and 40 nm (bottom) vesicles all form polyhedra-like
shapes consisting of coexisting states of flat gel domains separated by
fluid seams in the lowest energy configurations. . . . . . . . . . . . . 51
3·7 Free energy vs energy profiles evaluated at the transition temperature
for 10, 20, and 40 nm vesicles. The largest vesicle has a prominent free
energy barrier, indicating a first order transition. The 20 nm vesicle
shows a smoothed free energy with single well, as in a second order
transition. The smallest 10 nm vesicle is boarderline first/second order
with characteristics of both. . . . . . . . . . . . . . . . . . . . . . . . 52
3·8 Top: Bilayer thickness for all vesicle sizes (colors) versus energy. Bot-
tom: Per-leaflet average lipid length (black) and average thickness (red)
for the inner (solid) and outer (dashed) layers of the 10 nm vesicle. The
inner layer of the 10 nm vesicle (solid red) shows an anomalous trend
due to packing of interfacial fluid lipids tangent to the bilayer surface
while still fully extended in the gel phase. . . . . . . . . . . . . . . . 54
xiv
3·9 Normalized vesicle diameter, calculated at the bilayer midplane, versus
energy showing significant and comparable expansion for all vesicle sizes. 56
3·10 Snapshots of the 20 nm vesicle during a freezing event. The outer layer
(left) forms a gel first while the inner layer (right) is still a homogeneous
fluid. No homogeneous gel phase is formed, gel domains are separated
by low density fluid seams. Lipids are colored based on the phase: gel
(red), gel-like (yellow), and fluid (blue). All images are to scale. . . . 58
3·11 Snapshots of the 20 nm vesicle during a melting event. The inner layer
(right) melts first as the size of fluid seams increases. Lipids are colored
based on the phase: gel (red), gel-like (yellow), and fluid (blue). All
images are to scale. . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3·12 Asphericity for both the inner layer (top) and outer layer (bottom)
of lipid vesicles (colors) for all energies sampled during the STMD
trajectory. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
4·1 Core size equilibration is insensitive towards the Monte Carlo move
frequency (top) but greatly depends on the magnitude of the Monte
Carlo trial stepsize (bottom) which has an optimum value between
0.01σ and 0.005σ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
4·2 Top: Nanoparticle core radius converges rapidly to the same equilib-
rium value for a wide range of different initial configurations with con-
stant N , including LNP with torn bilayer (blue) and bubbles (green).
Bottom: The coarse-grained Cooke lipid model has a fast ‘flipflop’ rate
allowing the lipid number ratio to equilibrate quickly for a wide variety
of initial values, rinit. . . . . . . . . . . . . . . . . . . . . . . . . . . 71
xv
4·3 Potentials of mean force calculated from the Jarzynski method. The
R at the minima indicate the optimal core size, with small hystere-
sis between growing (purple) and shrinking (green), showing excellent
agreement with 〈R〉 from the hybrid MD/MC method. . . . . . . . . 73
4·4 Equilibrated number of lipids for the inner layer (purple), outer layer
(green), and total number (blue). The inset shows a zoomed-in range
of NP core sizes. Lines are present to guide the eye. . . . . . . . . . 74
4·5 One parameter fit to Ni with R + rs determined by the position of
the inner lipid headgroups, and No determined by a three parameter
fit to (No−Ni)/Ni, showing excellent agreement with simulation data
(points). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
4·6 Temperature and curvature induced phase transition. NP core radius,
divided by the average radius over all T for a given N , plotted vs T
for several N . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
4·7 LNP configurations for low temperature, T = 1.0, for N = 2, 000
(left), N = 10, 000 (center), and N = 30, 000 (right) for full LNPs
(top) and constant-zoom showing the bilayer structure (bottom) with
core omitted for clarity. . . . . . . . . . . . . . . . . . . . . . . . . . . 79
4·8 LNP configurations for high temperature, T = 1.25, for N = 2, 000
(left), N = 10, 000 (center), and N = 30, 000 (right) for full LNPs
(top) and constant-zoom showing the bilayer structure (bottom) with
core omitted for clarity. . . . . . . . . . . . . . . . . . . . . . . . . . . 80
4·9 Inter-layer overlap, calculated from the density profiles, versus temper-
ature for all LNP sizes simulated showing a transition emerging above
N = 10, 000 at about T = 1.1. . . . . . . . . . . . . . . . . . . . . . 81
xvi
4·10 Density profiles for LNP at various temperatures for the inner and
outer layer. N = 1, 000 (top) at varying T (colors) shows a clear or-
der/disorder transition in both the inner (solid lines) and outer layers
(dashed lines) with increasing temperature. At larger N = 2, 000 (cen-
ter), only the transition in the outer layer is observed. N = 50, 000
(bottom) shows added structure forming between peaks in the inner
layer, and a well-ordered outer layer. . . . . . . . . . . . . . . . . . . 82
4·11 The average difference of density peaks heights between neighboring T
for all N for the inner (top) and outer (bottom) leaflets. Peaks cor-
respond to a maximum structural change, indicating the temperature
and the strength of the transition. . . . . . . . . . . . . . . . . . . . 84
4·12 Density profiles for various sized LNP (colors) at T = 1.25 (top) for the
inner (solid lines) and outer layer (dashed lines), showing emergence of
order with increased N in both layers. At T = 1.05 (bottom), a distinct
shoulder emerges between the inner layer peaks after N = 10, 000,
indicating an ordered phase with multiple headgroup positions, and an
ordered outer layer. . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
4·13 Statistical temperature obtained from STMD for N = 30, 000 with con-
stant core size determined from the hybrid algorithm with Teq = 1.13 as
calculated from a Maxwell equal-area construction. Inset: β
′
(U) with
peak height greater than zero, indicating a first order phase transition. 87
xvii
A·1 Top: Energy trajectory showing two transition events (purple) and
trajectory of the outer / inner layer lipid ratio (green) showing that
STMD finds lipid flip-flop events coupled to the transition. Bottom:
TS(U) for different inner leaflet number Ni/No = 0.59 with Ni = 1900
(purple) and Ni/No = 0.62 with Ni = 1950 (green), with constant total
N = 5100, as in the 20 nm vesicle. The transition is not particularly
sensitive to minor changes to the initial lipid ratio, with only minor
differences are present in the transition region. However, it is worth
noting that large changes can prevent initial formation of a stable vesi-
cle to begin with. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
A·2 Snapshots of the 40 nm vesicle, with outer layer (left) and inner layer
(right) during a typical freezing event. The same progression is followed
as in the 20 nm vesicle and described in-text. . . . . . . . . . . . . . . 98
A·3 Melting of the 40 nm vesicle, with outer layer (left) and inner layer
(right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
A·4 Freezing of the 10 nm vesicle. Outer leaflet is shown on the left and
inner leaflet on the right. The most gel configurations are the least
spherical due to large flat gel patches that form. . . . . . . . . . . . . 100
A·5 Melting of the 10 nm vesicle, with outer layer (left) and inner layer
(right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
xviii
List of Abbreviations
CG . . . . . . . . . . . . . Coarse Grained
DPPC . . . . . . . . . . . . . Dipalmitoylphosphatidylcholine
gREM . . . . . . . . . . . . . Generalized Replica Exchange Method
LNP . . . . . . . . . . . . . Lipid-Wrapped Nanoparticle
MC . . . . . . . . . . . . . Monte Carlo
MD . . . . . . . . . . . . . Molecular Dynamics
NP . . . . . . . . . . . . . Nanoparticle
PES . . . . . . . . . . . . . Potential Energy Surface
STMD . . . . . . . . . . . . . Statistical Temperature Molecular Dynamics
WL . . . . . . . . . . . . . Wang Landau
xix
Chapter 1
Background on LNP and Generalized
Ensemble Simulation of Lipids
1.1 Introduction
Lipid-wrapped nanoparticles (LNP) are a promising class of materials with appli-
cations ranging from drug discovery[1–5] to photocatalysis[6, 7], in which lipids are
wrapped around a rigid nanoparticle (NP) core. LNP configurations are complex; the
inner layer directly interacts with the NP core while the outer layer composition is
tunable by experiment to include many different lipids, and serves as an ideal environ-
ment for insertion of bioactive and reactive molecules, as illustrated in Figure 1·1. A
fundamental understanding of the underlying properties, like composition and phase
behavior is required.
For example, in a biological HIV-1 targeted LNP, the bioactive lipid GM3 is
included in low concentration to the outer lipid wrapping. Binding of GM3 to
CD169, a protein associated with HIV-1, requires a fluid membrane so that GM3
can diffuse along the LNP surface for optimal binding[3]. In energy applications,
like LNP ‘nanoreactors’, the plasmonic resonance of a noble metal NP core enhances
the activity of established photocatalysts, like [Ru(bpy)3]
2+, which can oxidize or-
ganic molecules such as urea. Again, this requires a fluid membrane to hold reactive
molecules near the plasmonic ’hot spot’ for optimal enhancement[7].
With the ultimate goal of understanding LNP and their properties, this disserta-
2Figure 1·1: The configuration of a typical LNP with inner layer (or-
ange) close to the NP core and multicomponent outer layer (green) with
guest molecules (colors). Part of the lipid wrapping is hidden to show
the NP core. Adapted from Ref. [3]
tion takes the first steps towards a theoretical understanding of phase behavior and
membrane composition in LNP using computational molecular models of lamellar
bilayers, curved vesicles, and ultimately simplified LNP.
1.2 The Fluid/Gel Transition in Lipids
Lipids are ampiphillic molecules consisting of one or multiple, long hydrophobic tail
chains and a polar head group. In particular, phospholipids like dipalmitoylphos-
phatidylcholine (DPPC) are zwitterionic with a charged head group and two tail
chains. Lipids are also characterized by both the length and number of saturated
bonds in the tail chains[8]. DPPC is a particularly convenient model lipid sys-
tem to study since its chains are of moderate length (16 carbon atoms long) and
contain no saturation. Due to its simplicity, DPPC, and particularly its phase
transitions, has been widely studied experimentally[9–21], theoretically[22–28], and
3computationally[29–39].
Lipids can form many distinct macroscopically ordered structures including, but
not limited to, bilayers, vesicles, micelles, and various mesoscopic phases such as
the inverted hexagonal phase[40]. The microscopic configuration of the lipid is also
important; tail chains can be aligned and well-ordered with low area per lipid, as is
the case in the gel phase, or randomly disordered, like in the fluid phase with high area
per lipid[22, 23, 28, 41]. The lipid head groups can also undergo an order-disorder
transition, corresponding to the ripple phase which exhibits large undulations in the
defined bilayer surface due to the disorder in the head groups, but still has ordered
hydrophobic chains[27, 33, 42]. In the case of DPPC bilayers, the first order order-
disorder transition in the tail chains is between ripple and fluid phases, denoted the
‘main transition’, at physiological temperature (314 K) and atmospheric pressure. At
lower temperature (308 K), the much weaker ‘pre transition‘ occurs between the gel
phase, with ordered head groups and tail chains, and the ripple phase, with disordered
head groups. At lower temperatures yet, other transitions to various sub-gel phases
exist, such as phases with tilted or straight gel chains[13, 43].
In spherical lipid structures, like a vesicle or LNP, substantial curvature strain
enhances the stability of the fluid phase. This impacts the main transition leading
to anomalous broadening of the heat capacity, and vesicles as large as 100 nm ex-
hibit substantial deviation from the zero curvature limit[20, 44–46]. In cases of high
curvature, the inner and outer lipid layers exhibit unique behavior and are no longer
equivalent as in flat bilayers.
In addition to curvature, LNP have a rigid nanoparticle core that interacts with
the surrounding lipids, inducing order and therefore promoting the gel phase. This
leads to interesting phase behavior in LNP, tunable by curvature and the lipid-core
interaction[47, 48]. A rigid NP core also changes the fundamental packing of lipids
4in a LNP due to the constrained surface area, compared to vesicles which are free to
expand and contract.
We aim to explore the molecular view of the first order transition in lipids and
how macroscopic factors, such as curvature or a nanoparticle (NP) surface, influ-
ence the phase behavior. We proceed using computer simulation, specifically molec-
ular dynamics (MD), with enhanced sampling techniques to gain insight into the
molecular view of how these phase transitions proceed, the thermodynamic pathway,
and detailed molecular structure on lipid bilayers[49], vesicles[50], and lipid-wrapped
nanoparticles[47]. We start with the background of two algorithms, the general-
ized replica exchange method (gREM)[51–53] and statistical temperature molecular
dynamics (STMD)[54, 55], which utilize generalized ensembles to sample the equilib-
rium states of phase transitions more efficiently than canonical molecular dynamics
algorithms.
1.3 Role of Computer Simulation
Molecular dynamics enables simulating dynamics on a known potential energy surface
(PES) commonly determined from emperical parameters, fits to experiment, and
highly accurate quantum chemical calculations, called a force field. Atomistic force
fields represent each atom as a particle for the highest chemical accuracy, but are also
the most complex. An atomistic simulation requires extensive computer time with
an effective timescale up to milliseconds[56, 57], which is not sufficient for physical
processes like phase transitions which could take anywhere from minutes to days[14].
Coarse graining (CG) is an effective modeling technique that remaps multiple atoms
into a single simulated particle with qualitatively accurate free energy, resulting in
a much more efficient simulation due to a smoothed PES[58–60]. While developing
accurate force fields for model systems such as lipids is difficult and an active area
5of research[61–69], the underlying PES is highly dimensional and remains difficult to
sample, even for coarse grained systems.
Large free energy barriers separate thermodynamically stable phases, especially
for the case of phase transitions. Fundamentally, near a first order phase transition in
a finite size simulation, the entropy, S(U), becomes convex leading to a S-loop in the
microcanonical statistical temperature, 1/TS(U) =
∂S
∂U
, as shown in Figure 1·2. While
similar to Van der Waals loops in appearance[70], extrema in TS(U) instead corre-
spond to superheating and supercooling the simulated system, arising from surface
effects. With temperature as the control parameter, the maxima of the sampled en-
ergy distribution are determined by the intersection of the temperature with TS(U).
In the vicinity of a S-loop, a constant temperature has multiple intersections with
TS(U), leading to free energy minima where the slope of TS(U) is positive and a free
energy barrier otherwise.
Consider a phase transition from low to high energy phases, like melting, in the
canonical ensemble with S-loop present in TS(U), as shown in Figure 1·2. With con-
stant temperature, T , in vicinity of the transition, indicated by the dashed line at Teq
corresponding to the equilibrium melting temperature, there are three intersections
with the statistical temperature corresponding to free energy minima at U1 and U2,
separated by a barrier at Ubar. Transitioning from a low energy phase with energy
U1 to a high energy phase near U2 requires superheating above the stability temper-
ature for the low energy phase, T ?. With T > T ?, there is only one intersection
with TS(U) and thus one free energy minima near U2, resulting in a nonequilibrium
melting transition at a temperature above Teq. Otherwise, with T < T
? the system is
trapped in the superheated low energy phase and no melting transition is observed.
While superheating above T ? overcomes the free energy barrier between stable phases,
the canonical ensemble does not adequately describe the transition because it fails
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Figure 1·2: Cartoon of the statistical temperature, TS(U) (black),
showing a S-loop, as in a first order phase transition. For melting
with constant temperature, T (green), there are three intersections with
TS(U) corresponding to free energy minima at U1 and U2 with barrier
at Ubar, requiring superheating of the low energy phase to a higher
temperature, T ? (blue), to irreversibly transition to the high energy
phase and failing to sample the coexisting states (orange).
to sample the coexisting states along the equilibrium path, highlighted in orange in
Figure 1·2. An analogous progression occurs for freezing-like transitions from high to
low energy phases, instead with supercooled temperature T ? < Teq.
Actually, as pointed out by Gibbs[71] and Gross[72], there is a deeper reason than
the need for good sampling to avoid temperature as the control parameter near a
first order transition. With T = Teq there is 50% probability of being in either phase.
Thus, the energy fluctuations are of the same order as the mean, suggesting that
different ensembles are not necessarily equivalent[49].
We aim to create algorithms that sample generalized ensembles, tunable for each
7individual problem[73]. We start with the expression for the energy histogram
H(U) = NW (U)Ω(U)/Zg (1.1)
sampled N times by a simulation with weight W (U) = exp[−w(U)]. Zg is the gen-
eralized configurational integral, Zg =
∫
W (U)dU , and Ω(U) is the density of states,
Ω(U) = exp[S(U)/kB]. A canonical simulation samples with a Boltzmann weight,
w(U) = βU , where β = 1/kBT , from which we recognize a relation between the
sampling weight and generalized temperature
1
Tg(U)
=
dw(U)
dU
kB (1.2)
suggesting that any desired H(U) can be sampled with proper choice of either the
weight, w(U), or the ensemble’s configurational temperature, Tg(U).
From a computational perspective, these generalized ensemble methods are im-
plemented by modifying a canonical MD algorithm. The force on each particle, i,
is derived from the effective potential Veff = kBT0w(U). For a generalized ensemble
with any w(U),
Fi = −dVeff
dr
= −kBT0dw(U)
dr
= − T0
Tg(U)
dU
dr
(1.3)
where we identify γ(U) = T0/Tg(U) as a scaling factor to the canonical forces,
−dU/dr, where T0 is the kinetic temperature of particles held constant by a ther-
mostat and Tg(U), defined above, is the sampled configurational temperature. Note
that for the canonical ensemble, w(U) = βU results in Fi = −dU/dr with γ(U) = 1,
as usual.
With the goal of enhanced sampling and fully exploring configuration space, specif-
ically near phase transitions, we aim for flat sampling, the so-called multicanonical
ensemble, with H(U) ∝ 1. The following sections explain two different algorithms
that sample in the multicanonical ensemble.
81.4 The Generalized Replica Exchange Method
One strategy to overcome the sampling issue in first order phase transitions is to utilize
generalized ensembles with energy dependent temperature functions instead of the
usual constant temperature. In the generalized replica exchange method (gREM)[51–
53], temperature functions linear in the energy (or enthalpy if isobaric) with the form
Tg(U) = λ+ η(U − U0) (1.4)
to ensure a single intersection with the underlying statistical temperature and thus a
single maxima in H(U), assuming a sufficiently large and negative η. Changing the
intercept, λ, shifts Tg(U) and its intersection with TS(U) accordingly. With many
simulations and an optimized set of λ, the entire TS(U) curve can be obtained without
the need for sampling over free energy barriers as in the canonical ensemble, as shown
in Figure 1·3.
When combined with replica exchange[74, 75] to swap simulations with varying
λ by Metropolis exchanges[76, 77] in order to cover the entire energy space, gREM
samples a flat energy distribution in the vicinity of a phase transition. From Eq. (1.2),
the weight sampled by each replica, α, with Tg(U) as in Eq. (1.4) is given by
wα(U) =
U∫
[1/kBT
α
g (U
′)]dU ′ (1.5)
leading to the force scaling factor for each replica
γα(U) =
T0
λα + η(U − U0) (1.6)
enabling MD simulation of this generalized ensemble. T0 determines the velocity
distribution of the particles which is independent of their configurational temperature.
The choice of T0 is not particularly sensitive. We view this as another optimization,
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Figure 1·3: Cartoon illustrating the gREM with different Tg(U) (green
dashes) to sample energies at the intersection of Tg(U) with TS(U)
(black line). Even regions of the coexisting states (orange) are easily
sampled as equilibrium states using a Tg(U) with a sufficiently large
and negative slope.
enabling simulation of low energy configurations with fast moving particles for added
efficiency. For gREM and its applications to the phase transitions of lipid bilayers, a
constant pressure algorithm is required, switching U for the enthalpy, H = U + PV ,
and also requiring scaling of the kinetic pressure by 1/γ(U)[52].
Picking the best set of λ is difficult. We start with a linearly spaced set of λ.
New replicas are added where regions of the energy distribution are sparsely sam-
pled, typically nearest transitions between coexisting states. We aim to obtain ∼20%
overlap with neighboring replicas. The slope, η, also needs to be determined uniquely
for each simulation, and is not easily guessed because the underlying shape of TS(U)
is not known prior to simulation. With too large and negative an η, the simulation
is not numerically stable, requiring an initial underestimation followed by multiple
refinements before an optimal TS(U) is generated. With η not steep enough, the
10
energy distribution for that replica exhibits multiple peaks, and the simulation is
restarted with a new steeper η. Unlike the cartoon TS(U) shown in Figure 1·2 and
Figure 1·3, statistical temperatures for real systems are much more complex with
jagged, nearly discontinuous features corresponding to subphase transitions between
coexisting states.
It is important to note that while replica exchange in the canonical temperature
itself is a powerful simulation technique that samples the multicanonical ensemble,
it is not sufficient to sample first order phase transitions due to the fundamental
problems discussed above[78]. As with all replica exchange methods, gREM requires
overlap between neighboring replicas to optimize the exchange acceptance. Therefore,
the number of replicas scales with system size making gREM a rather expensive
simulation method.
In contrast, with an optimized set of λ, gREM excels at elucidating the equilib-
rium transition pathway, calculating equilibrium transition temperatures, and sam-
pling the coexisting states of the phase transition. Recent applications of the gREM
to first order phase transitions have proven it as an effective method for studying
phase transitions in systems including water and methane hydrates[53, 79, 80], sim-
ple mixtures[52], and lipids[49]. The gREM is available in the open-source LAMMPS
software package[81] as fix grem and temper/grem.
1.5 Statistical Temperature Molecular Dynamics
An alternative approach, statistical temperature molecular dynamics (STMD), sam-
ples the multicanonical ensemble between lower and upper temperature cutoffs in
a single simulation, without the need for replica exchange. This makes STMD an
ideal and efficient algorithm for sampling phase transition in large systems where an
unreasonable number of replicas would be needed to cover the extensive energy range.
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Starting from Eq. (1.1), the sampling weight of w(U) = S(U)/kB yields flat energy
sampling with H(U) ∝ 1. However, sampling with that weight is difficult because
the entropy needs to be known before the simulation, requiring significant study.
To avoid this, the simulation is started with an estimate of w(U), and a systematic
procedure for refinement. This was first implemented in the form of the Wang-Landau
algorithm[82–84] (WL). In WL sampling, the energy is discretized into bins with size,
∆, and an initial guess of Ω(U) is made. Since Ω(U) is exponentially large, typically
ln(Ω(U)) is used instead. Every time a given bin, i, is visited, Ω(Ui) is updated by
ln(Ω?(Ui)) = ln(Ω(Ui)) + ln f (1.7)
where the ? indicates the updated estimate and f is the modification factor, which
converges to unity slowly, reduced every τ steps over the course of the simulation as
f ? =
√
f (or any other scheme that reduces to unity). Note that since ln(Ω(U)) =
S(U)/kB, that lnf is like a modification factor to the entropy. The new Ω
?(Ui) is
then used to evaluate the new sampling weight and the process repeats, refining Ω(U)
from an initial estimate to an accurate function with constant error[85, 86].
While innovative and a massive breakthrough, the WL algorithm has several flaws
which prevent its application to large-scale simulation targets. Ω(U) (and hence f) is
extensive requiring many energy bins and large modification values for multi-million
atom simulations. Especially important is the extensive behavior of ln f , making f
exponentially large and requiring an increasing number of reductions with increasing
system size to achieve the same accuracy.
In STMD, analogous to WL, the energy is discretized into bins with size ∆. How-
ever, instead of updating ln(Ω(U)), STMD updates and refines its derivative, the
12
intensive statistical temperature with sampling weight
w(U) = S(U)/kB =
1
kB
U∫
βS(U
′)dU ′ (1.8)
Using the relation defined in Eq. (1.2), this weight results in the generalized ensemble
temperature being the statistical temperature itself, ie Tg(U) = TS(U). As in WL,
the temperature is updated on-the-fly resulting in continuously improved sampling
as the simulation converges to the true TS(U) while δf is reduced either by checking
H(U) for flatness or every τ steps.
This is a major improvement over WL for several reasons. First, using the inten-
sive TS(U), the choice of ∆ is independent of system size, leading to a more efficient
simulation, especially for large scale systems like lipid vesicles[50] and LNP which
have hundreds of thousands of atoms. Second, the temperature update for STMD is
performed by instead updating the slope of TS(U) with a finite difference approxima-
tion as
T ?S(Ui±1) =
TS(Ui±1)
1∓ δfTS(Ui±1) (1.9)
with δf = ln f/2∆ as the update factor. δf is normalized by the bin size, making
it intensive and thus limiting the number of updates required to converge a STMD
simulation. Additionally, the use of an intensive δf makes its final value a constant
that determines the magnitude of error in the converged TS(U) and is independent of
system size. This allows for easier determination of simulation parameters and results
in an enhanced sampling method that requires little knowledge of the system prior to
simulation. Finally, STMD is a MD algorithm, with forces scaled as γ(U) = T0/TS(Ui)
instead of Monte Carlo (MC) as in WL. While MC algorithms are theoretically more
efficient than MD algorithms, this relies on an optimal choice of moves, which in
reality for complex chemical systems, rarely compete with moves generated from
forces derived from Newton’s equations as in MD.
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Figure 1·4: Statistical temperature of N = 110 LJ system for various
initial δf values with poor choices resulting in extreme noise. Inset
shows the energy histograms failing to sample a flat distribution except
for the optimal case of δf = 0.001.
The initial choice of δf and its update scheme in STMD is particularly sensitive.
Consider the simulation of a 3D LJ fluid (N = 110, ρ = 0.88), as performed in
the original STMD work by Kim et al.[54]. We simulated for 5 × 106 steps from
Tlow = 0.65 to Thigh = 1.82 with kinetic temperature T0 = 1.0 using a pair potential
cutoff of 2.5σ with different δf , shown in Figure 1·4. Using an initially large δf
helps converge the TS(U) estimate due to the large magnitude of the temperature
update. However, at long timescales a single bin could be sampled many times in a
row causing a large change to the TS(U) estimate and resulting in a wildly fluctuating
TS(U) with δf = 0.01. The sampled energy histogram misses the high energy states
and does not sample a flat distribution. However, using a small δf is also a poor
choice of initial conditions because temperature update becomes too small, requiring
many steps to converge to reasonable TS(U) estimate and also resulting in sampling
14
a non-flat energy histogram.
In the above systems, all but the optimal δf = 0.001 do not sample a flat energy
histogram, and fail to satisfy the check for histogram flatness needed to reduce δf , as
specified by the original STMD formulation. Hence, the simulation will be trapped
and unable to converge TS(U). Alternative reduction schemes enable fine-tuning of
sampled energy histograms and thus and optimized TS(U). One option, reducing
δf every constant number of steps forces the algorithm to converge quicker than it
would by checking for H(U) flatness. This is effective when δf is overestimated, but
an initially too small δf would lead to an incorrect TS(U) without extensive CPU
time. Nonetheless, this greatly expands the range of initial δf parameters that lead
to good sampling and we view it as a valuable modification.
STMD has been applied to sample protein configurations [87–90], and phase tran-
sitions [37, 50, 91, 92] with great success, elucidating new details on structure and
transition pathways. While not as sensitive as gREM due to the discrete energy space,
we utilize STMD as a tool to study large and complex systems, requiring no prelim-
inary knowledge compared to a canonical simulation. This is unlike other enhanced
sampling methods which often require definition of collective variables or reaction
pathways in order to obtain enhanced sampling. STMD is available in the open-
source LAMMPS package[81] as fix stmd. Replica exchange STMD is also available,
temper/stmd, where each replica samples a piece of the TS(U), greatly accelerating
convergence.
1.6 Overview of the Thesis
With the goal of describing the physical chemistry and phase transitions of lipid-
wrapped nanoparticles, gREM is applied to flat coarse-grained lipid bilayers (Chap-
ter 2) showing strong coupling between water and lipids for a 32-lipid bilayer and
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subphase transitions between coexisting states for larger 390-lipid implicit solvent bi-
layers. A new implementation of STMD is applied to vesicles (Chapter 3), elucidating
the equilibrium transition pathway for vesicles up to 40 nm and is shown to differ
from that of flat bilayers. STMD finds new gel phase vesicles with flat gel facets sepa-
rated by interfacial lipids with high fluidity and curvature. Finally, LNP (Chapter 4)
are discussed in terms of their packing and the effects of curvature promoting fluidity
and the NP core inducing order. Fundamentally for a LNP, the number of lipids
for a given NP core size is not known and we develop a hybrid MD/MC method to
determine the optimal packing. Then, a long STMD simulation is analyzed showing
phase transitions in LNP with constant NP surface area, resulting in tears in the
bilayer as it transitions to the gel phase.
Chapter 2
Enhanced Sampling of Phase Transitions
in Coarse-Grained Lipid Bilayers1
2.1 Introduction
We aim to study the order-disorder phase transition in DPPC utilizing the gener-
alized replica exchange method (gREM) with a coarse grained (CG) force field for
optimal computational efficiency [64, 65]. Lipids have been studied using a variety of
CG models[65], but few studies utilized enhanced sampling techniques to thoroughly
explore the phase transition [35, 37, 38]. Recently, Nagai et al.[35] used canonical
replica exchange molecular dynamics [75], with the MARTINI CG force field [63],
and found distinct lipid phases; fluid, gel, and tilted-gel, when freezing.
Unlike experiment, the ‘main’ transition in MARTINI is not between the fluid
and ripple, but is rather a chain order-disorder transition between the fluid and gel
phases. In this chapter, both the MARTINI [63] and implicit solvent DRY-MARTINI
[66] force fields are utilized in conjunction with the gREM [51] to study a small
32-lipid system, in comparison with canonical temperature replica exchange MD[35],
and a large 390-lipid implicit water system. Both freezing and melting are considered,
with considerable differences between each pathway and are analyzed via the entropic
viewpoint[93].
1Reprinted (adapted) with permission from Stelter, D. and Keyes, T. J. Phys. Chem. B. 2017,
121 (23), 5770-5780. Copyright 2017 American Chemical Society.[49]
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Figure 2·1: MARTINI DPPC lipid (left) compared to atomistic DPPC
(right).
2.2 Computational Details
Lipid bilayers were modeled with the explicit water “Wet” MARTINI 2.0 FF [63] and
its newest extension, the implicit water ”Dry” MARTINI FF [66]. MARTINI coarse
grained beads represent four (non-hydrogen) atoms. In total there are 18 unique
beads in four main groups, polar (P), hydrophobic (C), nonpolar (N), and charged
(Q), with varying subgroups to further tune molecular interactions. For a DPPC
lipid, as indicated in Figure 2·1, the tail groups are mapped as four ‘C1’ hydrophobic
beads, the linker beads are type ‘Na’, and the the head group is represented by
charged beads ‘Q0’ and ‘Qa’, which include Coulombic interactions in addition to
the non-bonded Lennard-Jones interactions between all beads. Water is represented
as a single ‘P4’ bead. Anti-freeze particles (BP4) are used to prevent freezing at
a too-high temperature. Dry MARTINI eliminates the need for explicit water by
modifying the non-bonded parameters of each bead type to include water interactions.
All other interactions in Dry MARTINI, including bonds and angles, remain identical
to MARTINI 2.0.
Wet and Dry MARTINI bilayers with 32 DPPC lipids (4x4) were constructed,
and the Wet bilayer was solvated with 500 waters, where 10% of the water were
18
anti-freeze particles, in accordance with work by Nagai et al.[35]. A 390 DPPC lipid
(13x15) Dry MARTINI system was also created. Initial structures were prepared
using Moltemplate[94], and simulations were performed in LAMMPS [81].
As discussed in the previous chapter, we utilize the gREM which uses the en-
thalpy, H, as the control parameter to specifically sample the coexisting states of
the transition, which are otherwise inaccessible by canonical simulation. The gREM
is summarized by by the following modifications to a standard isothermal-isobaric
algorithm:
1. The usual temperature is now the ‘kinetic temperature’, T0, which controls
the Boltzmann distribution of velocities as usual, but not the positions.
2. The forces are scaled by the factor, γα(H) = (T0/Tα(H)), Eq. (1.6).
3. The kinetic pressure is scaled by 1/γα(H) in the barostat.
For the gREM, η was chosen as −0.1 (using LAMMPS real units) for the 32 Wet
and 390 Dry systems. An η of −2.5 was used for the 32 lipid Dry system. In all
cases, the reference enthalpy and replica spacing was adjusted for each system to
give optimal enthalpy distributions. We employed a Nose´-Hoover thermostat with
T0 = 400 K and a semi-isotropic Nose´-Hoover barostat, coupled in x and y (isotropic
for dry MARTINI), to maintain pressure at 0 atm. Replica exchanges were attempted
every 1000 steps. Replicas were initially evenly distributed in λ-space with additional
replicas added near the transition regions to achieve better sampling. The final set
of λ for each system are included in Appendix A.1.
Both melting and freezing of bilayers were studied. When using T as the control
parameter, this means raising and lowering the temperature, respectively. In our case,
it refers to the initialization of the replicas. For the case of melting, all replicas started
from the gel phase which was obtained by assembling a ‘perfect lattice’ and equili-
brating at low generalized temperature to maintain an ordered gel phase. 73 Replicas
were used for Wet MARTINI, 78 replicas were used for 390-lipid Dry MARTINI, and
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51 replicas were used for the 32-lipid Dry MARTINI simulation. For freezing, all
replicas started from the disordered fluid with 73 replicas in Wet MARTINI and 85
replicas for Dry MARTINI.
If the barrier between the phases is high enough, hysteresis between freezing and
melting may be observed, despite the enhanced sampling [53, 80, 95]. Similarly, if
the barrier between coexisting states with distinct topographies - “subphases” [93]
- is high enough, some of them may still be inaccessible. Thus the gREM is not a
complete solution to the problem of sampling at phase transitions in all cases, but the
basic ideas still apply and always provide new insights and computational approaches.
We obtain TS(H) using data from all generalized replicas with our ST-WHAM
method [96]. The usual WHAM obtains the density of states in a manner that requires
the configurational integrals in the replicas, which are determined by the density of
states, and so the procedure is iterative, and slows considerably with increasing system
size. In ST-WHAM we compute TS(U), instead of the density of states, as a weighted
sum or replica contributions, and the configurational integrals drop out, leading to
a fast non-iterative method that requires only the enthalpy histograms in the repli-
cas. Integration of 1/TS(H) gives the entropy, S(H), enabling the entropic[93], or
microcanonical, analysis of phase equilibrium. Our approach is equivalent to multiple
constant-H simulations. Arbitrary canonical or isothermal-isobaric averages may be
obtained by reweighting the configurations. However much can be done immediately
with TS(H) and S(H).
In the 32 lipid Wet system, finite-size effects are important, but we consider it
to be of interest for several reasons. Replica exchange is computationally costly, and
thus worth trying, with even a small system. That is why the recent Nagai study [35]
generated so much interest. We aim to provide an alternative treatment of the same
system with the entropic approach and generalized replica exchange instead of tREM.
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While the system may be too small to represent bulk matter, the question of how to
best determine its properties is separate and relevant, especially when one notices that
finite nanosystems, with no thermodynamic limit, are important simulation targets.
Furthermore, by using a small system, we are able to study a large enthalpy range.
Instead of just a single gel/fluid transition, as in the Dry MARTINI 390 lipid system,
we describe the complete phase behavior of the smaller system from ∼100 K to ∼350
K. This is impractical in larger systems due to the scaling of replica exchange with
system size.
Finally, the entropic approach is designed to follow the transition pathway with
enthalpy as the control parameter. The enthalpies of the states in the transition range
are strongly influenced by surface effects. By increasing the enthalpy of coexisting
states they create the convex intruder in the entropy and the S-loop in TS char-
acterizing phase transitions in finite systems [93]. Surface effects are relatively more
important in small systems, so the approach is in a sense focused on finite-size effects.
We will demonstrate that it consequently provides a uniquely detailed description of
the small system. And, perhaps surprisingly, the gel/fluid transition temperature
obtained below, 292 K, is consistent with the literature[35, 36, 39, 97].
2.3 Results
2.3.1 Explicit solvent bilayers
Statistical temperatures, TS(H), obtained from the gREM and ST-WHAM for melt-
ing and freezing of the 32 lipid explicit solvent bilayer, are shown in Figure 2·2. As
mentioned above [53, 80, 95], even with gREM sampling, hysteresis for strong tran-
sitions cannot be avoided with this small system and our computational resources;
nor can it be in experiment. [13]. Freezing does not lead to the perfect equilibrium
low-enthalpy gel phase within available CPU time, so TS for freezing cannot yield the
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Figure 2·2: TS(H) for 32-lipid Wet MARTINI DPPC bilayer for both
melting (purple) and freezing (green). The transition temperature,
shown in dotted gray at 304 K, connects gel lipids in ice with fluid
lipids in liquid water and was calculated by the Maxwell equal-area
construction. A numerical summary is shown in Table 2.1. Statistics
were computed by dividing the total data set into five segments and
averaging.
equilibrium transition temperature, Teq. On the other hand, the low-enthalpy phase
is present by construction in melting, and we found previously that the melting TS
accurately yields Teq via the Maxwell equal-area construction on βS(H) = 1/TS(H),
for hexagonal and cubic ice [53], and for the ice that forms a matrix for gas hydrates
[80]. We emphasize that these remarks apply to our method, in which melting and
freezing indicate the initialization of the replicas, and not to the usual procedures
with temperature as the control parameter. The equal-area construction requires a
path between the phases in equilibrium, which is available with melting only.
The equal-area construction arises as follows. At constant T and p, the condi-
tion for phases denoted 1 and 2 in equilibrium is ∆G = ∆H − T∆S = 0. Since
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Table 2.1: Gel-fluid transition temperature, homogeneous nucleation
temperature, and limit of gel stability for the studied systems
32 Wet 32 Dry 390 Dry
Transition Temperature (K) 292.4± 0.7? 338± 1.1 333.29± 0.06
Homogeneous Nucleation (K) 291± 1 − 313.7± 0.2
Limit of Gel-Phase Stability (K) 293.2± 0.7? 367± 1.4 355.3± 0.1
?Obtained from gREM run initialized with gel lipids and fluid water as in Figure 2·6
S(H) =
∫ H
dH ′βS(H ′) + const, ∆G =
∫ H2
H1
dH ′(1 − T/TS(H ′)) = T
∫ H2
H1
dH ′(1/T −
1/TS(H
′)) = 0, and the last equality is the equal-area condition for βS(H).
The Teq calculated from melting, indicated by a gray line in Figure 2·2, is 304 K
for wet MARTINI bilayers, different from the value of 295 ± 5 K found in most of
the literature [31, 35, 66]. However, this is not Teq for the gel-fluid transition with
liquid water, as is usually discussed, but rather for a transition connecting states with
gel lipids and ice with fluid lipids and liquid water. The complications of coupled
transitions in the lipid and water subsystems are discussed below. Maxima in the
purple curve represent the limits of stability of the gels, while the minimum in the
green curve indicates the homogeneous nucleation temperature. Numerical values of
the characteristic temperatures for both lipid systems studied (see next subsection
for implicit solvent bilayer) are given in Table 2.1; Teq and the limit of gel stability for
32 Wet lipids are not from Figure 2·2 but from another calculation, where the water
is liquid for both lipid phases, reported below.
Note also the considerable debate regarding the transition temperature in wet
MARTINI. Replica exchange studies of freezing estimate Teq = 296 K[35], while
a recent paper[39] presented a temperature-tension phase diagram for 128 DPPC
wet MARTINI lipids, and finds Teq = 312 K for zero-tension (the current case) in
agreement with computational calorimetry calculations for melting, but not freezing
where Tf = 286 K[36]. Others suggest Teq = 302 K[97] for flat MARTINI bilayers.
There has been some question as to whether the gel-fluid transition is first order
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Figure 2·3: β ′S(H) for 32 wet lipids for both melting (purple) and
freezing (green). In the microcanonical approach, peaks in β
′
S with
height values larger than zero indicate a first order phase transition.
[39]. In the entropic approach [93], first order transitions are signaled by peaks in the
derivative of the inverse of the statistical temperature, β′S(H), with heights greater
than zero, which we indeed find in Figure 2·3.
For melting of the 32 wet lipid system, three first order transition exist along the
complete enthalpy range. From low to high enthalpy, these correspond to tilted-gel
→ gel lipids in ice, melting of ice to liquid water, and gel→ fluid lipids. The gel-fluid
and ice-water transitions overlap, as detailed in Figure 2·4. A second order transition
at low enthalpy occurs due to the partial melting of MARTINI ice near the lipid
headgroups.
For freezing, three first order transitions exist, and correspond to fluid lipids →
gel with liquid water, the simultaneous freezing of water and melting of gel lipids, and
finally fluid lipids→ tilted-gel with ice in order from high to low enthalpy, as indicated
in Figure 2·5. The observed sequence makes sense in terms of basins on the enthalpy
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Figure 2·4: Melting of the 32 Wet lipid system, with phases of the
combined lipid-water system indicated by arrows: left to right, tilted-
gel lipids with ice, gel lipids with ice, gel lipids with ice and liquid
water, gel lipids with liquid water, fluid lipids with liquid water. Phase
separation of MARTINI anti-freeze water (brown beads) was observed
in low enthalpy replicas.
landscape. Starting from liquid water and fluid lipids, the first step down is to liquid
water with gel lipids, as the latent heat is less than for water freezing. Next step is to
tilted-gel with liquid water, followed by a transition to fluid lipids with ice. Finally,
the lowest enthalpy state is tilted-gel with ice. Two second order transitions exist,
one present near −4.9 × 103 kcal/mol is the freezing of gel to tilted-gel lipids with
liquid water while the other, at low enthalpy, is freezing of gel to tilted-gel lipids and
the re-arrangment of frozen MARTINI water, particularly the anti-freeze particles,
around the lipid headgroups.
Even with the presence of anti-freeze particles, the freezing of water was observed
in the 32 wet MARTINI lipid bilayer system. Pure MARTINI water (denoted as P4)
freezes at 290± 5K [63]. To decrease the transition temperature, anti-freeze particles
25
Figure 2·5: Freezing of the 32 Wet lipid system, with phases of the
combined lipid-water system indicated by arrows: right to left, fluid
lipids with liquid water, gel lipids with liquid water, tilted-gel lipids
with liquid water, fluid lipids with ice, gel lipids with ice.
(denoted as BP4) are added with increased  and σ for only the P4-BP4 interaction;
all other interactions remain the same. It is stated [63] that a 10% antifreeze mixture
remains liquid down to 250 K, which is consistent with our unpublished results on
2000-2500 particles. However, due to the small system size and the presence of lipid
headgroups as nucleation sites, the mixture can phase separate and the transition
proceeds in the pure water region, at ≈280 K.
After separation, anti-freeze particles, represented by the brown beads in Fig-
ure 2·4, form a layer just outside the solvation shell of the lipid headgroups. When
freezing, this layer is difficult to form, even with enhanced sampling, and greatly
complicates the succession of coupled transitions. Frequently, ordered water mix-
tures coupled with disordered fluid lipids are observed in replicas with lower gener-
alized temperatures than the calculated transition temperature, accounting for the
26
 288
 290
 292
 294
 296
-4.95 -4.9 -4.85 -4.8 -4.75
292.4 K
St
at
ist
ica
l T
em
pe
ra
tu
re
 (K
)
Enthalpy (103 kcal/mol)
Figure 2·6: TS(H) for 32-lipid Wet MARTINI DPPC bilayer initial-
ized as gel lipids with liquid water and transitioning to fluid lipids with
liquid water. The transition temperature calculated for the main gel
to fluid transition by the Maxwell equal-area construction as shown in
dotted gray was 292.4 K.
non-trivial structure of TS(H) when freezing water near −5.1× 103 kcal/mol.
With the water and lipids undergoing transitions in the same temperature range,
it is important to specify which phases are in equilibrium when reporting a transition
temperature. The Maxwell construction in Figure 2·2 that gives Teq = 304 K for
the 32 Wet lipid system connects gel and ice with fluid and liquid water. However
one usually considers that the gel-fluid transition occurs with liquid water. In an
effort to study the main gel to fluid transition alone, a new gREM simulation, over a
truncated enthalpy range and initialized with gel lipids in liquid water, was completed.
The new run was identical to the previous 32-lipid simulations except with η = −0.2
and utilized only 19 replicas. The TS(H) is shown in Figure 2·6 and the Maxwell
construction indicates a transition temperature for the gel-fluid transition of 292.4 K.
Freezing of the 32 Wet lipid system was simulated with conventional replica ex-
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change (tREM) by Nagai et al. [35, 75]. They estimated Teq = 296 K from a peak
in the heat capacity. An equal-area construction on the mini-S-loop associated with
fluid→gel (Figure 2·6) in the inverse TS(H) for freezing gives good agreement, 294
K. However, as previously discussed[53, 80, 95] and mentioned above, we believe that
melting should be used to obtain Teq with the gREM, and our estimate is 292.4 K.
Despite revealing two distinct gel phases, straight and tilted-gel, tREM is unable
to resolve multiple peaks in the heat capacity. In our simulation, a clear progression
of phases, from fluid, to gel, to tilted-gel, is observed with distinct signals in TS(H)
corresponding to separate peaks in β′. Interestingly, as discussed above, the fluid to
gel freezing transition is identified as first order, while the gel to tilted-gel transition
is a weaker, second order transition. We speculate that this weaker transition could
be overwhelmed by the larger first order fluid to gel transition to yield a single peak in
the heat capacity, as Nagai et al. observed. This illustrates a problem that gREM was
specifically designed to solve, and by using enthalpy as a control parameter instead
of temperature, the transitions occur separately and are more easily sampled.
The decomposition of the transition into distinct steps involving water and lipids
separately in Figure 2·4 and Figure 2·5, with freezing of water despite the presence
of MARTINI anti-freeze, is seen only with the gREM and enthalpy as the control
parameter. Of course, this requires having the liquid water/ice transition temperature
close to the lipid fluid/gel temperature, which is an artifact of the MARTINI model.
The multiple coupled transitions, and the behavior of the water/antifreeze mixture,
are strongly influenced by finite size effects. Nevertheless they are true properties of
the small periodic system, and it is desirable to be able to describe them. We have
shown how to use the entropic method to obtain a gel/fluid transition temperature
in good agreement with the literature, despite the small size.
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2.3.2 Implicit solvent bilayers
Turning to Dry MARTINI implicit water bilayers, the transition is greatly simplified
by presence of only a single component. TS(H) for a 390 DPPC system is presented
in Figure 2·7. The transition temperature was calculated as 333.3 K compared to
325 ± 5 K [66]. Distinct subphases of coexisting fluid lipid and gel lipid regions
[93] are observed, analogous to what is seen in the solid/liquid transition of water
[53, 80, 95], but for a 2D material.
In Figure 2·8, the configurations of bilayer subphases during the transition are
visualized via the second hydrophobic bead in each lipid, with coloring based on the
number of neighbors within 7.5 A˚. For melting, the sequence proceeds from pure
gel, to a slab/fluid conformation, to a circle of gel surrounded by fluid, and finally
to pure fluid. A similar reverse process exists for freezing. However, due to the
extensive sampling time required, even with enhanced methods, the pure gel phase
is not reached. Again (see Methods), this is why equilibrium transition temperatures
should not be estimated from freezing.
There are four first order transitions identified by β′(H) when melting, but only the
three highest peaks in Figure 2·8 correspond to transitions between topographically
distinct subphases of C2 beads in a single leaflet. One must also consider the inter-
leaflet organization. We observed two ways gel lipids in different leaflets can order,
either tail-to-tail or offset, with distinct enthalpies. This phenomenon is only observed
in the slab conformation. The transition between the two inter-leaflet tail packings
may occur without changing the topography of C2 beads in either leaflet.
The slab is unique in that there are two main ways to increase the enthalpy with-
out penalties from surface effects; increasing the relative number of fluid lipids or
re-ordering the lipids between leaflets. In the gREM with enthalpy as a control pa-
rameter, it is conceivable that both of these changes could occur such that the number
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Figure 2·7: TS(H) for 390-lipid Dry MARTINI DPPC bilayer (top)
for both melting (purple) and freezing (green). The transition tem-
perature was calculated by the Maxwell equal-area construction and
shown in dotted gray at 333.3 K. The homogeneous nucleation temper-
ature and the limit of gel stability are identified by the minimum in the
freezing curve and maximum in the melting curve respectively and are
presented in Table 2.1. Peaks in β′(H) (bottom) with heights greater
than zero indicate first order subphase transitions between distinct co-
existing states.
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Figure 2·8: Progression of the phase transition in a 390 lipid Dry-
MARTINI bilayer by visualization of the second hydrophobic bead (C2
bead) in the lipids of one leaflet for the melting process (top) and
freezing process (bottom). Colors were assigned based on the number
of neighbors within 7.5A˚ with red indicating the gel-phase with exactly
six neighbors, yellow with five neighbors, gray with seven neighbors,
and blue indicating the fluid-phase with less than five neighbors.
of fluid lipids decreases, lowering the enthalpy, and simultaneously, the lipids re-order
to a higher enthalpy interleaflet configuration to maintain a constant enthalpy. These
transitions account for the small first order peak with a broad shoulder and changes
in the number of fluid/gel lipids correspond to the near-flat plateau in β′ in the region
where the slab is stable. Identical to water[53, 80, 95], changing only the gel/fluid
interface in the slab yields a plateau in TS(H) which overlaps with the transition
temperature as calculated by the equal area construction.
When freezing, a transition from the slab configuration to an interdigitated gel
phase occurs with striking resemblance to asymmetric ripple phases found in other
coarse-grained bilayer simulations[33, 36, 98]. It is important to note that interdig-
itation gives a ripple with a varying thickness, as pictured in Figure 2·9. Experi-
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Figure 2·9: Dry MARTINI lipids in the interdigitated gel phase form-
ing a ‘ripple’. Instead of ordering tail-to-tail, the lipids from opposite
leaflets slide together when freezing, causing disorder along the lipid
headgroups.
mentally, two types of ripple phases have been observed, a thermodynamically stable
asymmetric ripple, and a metastable symmetric ripple observed when cooling the
fluid phase[99]. While interdigitation has been suggested as a possible structure for
the gel phase in curved bilayers and vesicles to optimize packing when the number
of lipids per leaflet is not equal[100, 101], it has not been observed experimentally
in flat bilayers, which exhibit a constant thickness according to x-ray diffraction and
freeze-fracture experiments[27, 102, 103]. Nevertheless both aysmmetric and symmet-
ric ripples with both constant and varying thickness have been observed in bilayer
simulation[33, 36, 98], but to our knowledge this is the first ripple phase observed in
MARTINI, which we attribute to effective gREM sampling. Despite the variation in
bilayer thickness and overall small system size, we suggest this as a ripple phase in
dry MARTINI and forms from the frustrated freezing process described above. It will
be important to investigate the size-dependence of this phase.
It is striking that the familiar pattern of topographies and subphase transitions
among the coexisting states from pure fluids is found with 390 Dry MARTINI lipids,
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Figure 2·10: The lipid-water interaction energy for 32 Wet DPPC
lipids decreases as a function of total enthalpy.
but not with 32 Wet. The difference can spring from size-dependence or implicit vs
explicit solvent.
Considering the latter possibility, we speculate that coupling to a homogeneous
liquid water phase raises the barrier to heterogeneous coexisting lipid states, making
them more difficult to sample than in pure substances. The gel→fluid transition is an
order/disorder transition, favored by entropy and opposed by enthalpy at constant T .
Figure 2·10 shows that the lipid-water interaction energy decreases in the transition
from homogeneous gel lipids to homogeneous fluid lipids, mitigating the increase in
the lipid-lipid energy and assisting the transition. In formation of a coexisting state,
e.g. a circle of fluid surrounded by gel, the water interacting with the fluid lipids
would be surrounded by water interacting with gel lipids, and the fluid region may
not extend over the full bulk area/lipid. Perhaps this raises the interaction energy,
opposing formation of the coexisting state.
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Figure 2·11: Statistical temperature from 32-lipid and 390-lipid Dry
MARTINI simulations showing differences in finite size effects. Tran-
sition behavior is roughly similar, but over-stabilization of the ordered
gel phase in the 32-lipid system leads to an increased gel stability tem-
perature, and thus a slightly higher Teq of 338 K, compared to 333.3 K
for the 390-lipid system.
In the entropic perspective, the central quantity is the density of states. At a given
enthalpy, the favored state maximizes the entropy. The S-loop in TS is caused by
surface effects moving coexisting states to higher enthalpy. With Dry lipids the states
in the transition enthalpy range are the coexisting states and the superheated gel and
supercooled fluid states. With Wet lipids, both water and lipids can be superheated
(energy greater than at Teq), extending the energy range over which such states can
compete with the coexisting states, for another mechanism to suppress them.
A simpler explanation is the former possibility, that a 32 lipid system is just too
small to express coexisting topographies. Thus we have also simulated a 32 lipid
Dry-MARTINI system. The pure fluid-like coexisting states are not found. It may
be, then, that the above arguments do not govern the absence of coexisting states
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Figure 2·12: Coexisting state with tilted-gel in the upper leaflet and
gel in the lower leaflet.
with 32 Wet lipids, but we consider them valuable for the study of composite systems
in general. An implicit solvent FF optimized for the fluid phase will not capture the
increase of lipid-water energy upon freezing and thus will have a too-large drop in U ,
and a too-large Teq, compared to explicit solvent, in agreement with the simulations.
The statistical temperature is shown in Figure 2·11. The overall transition is
tilted-gel → fluid. Teq is calculated as 338 K, in reasonable agreement with 333.3
K for 390 Dry lipids, indicating that the 32 lipid system, while small, still captures
some reality. The inflection point in the center of the S-loop is the signature of a
subphase transition. An associated coexisting state unique to a bilayer is found, with
a gel state in one leaflet and tilted-gel in the other, Figure 2·12, suggesting the more
detailed progression tilted-gel → gel → fluid.
Much can be learned about finite size effects in Dry MARTINI bilayers from
TS(H) itself, Figure 2·11. The TS functions differ primarily in the enthalpy region
of superheated gel, and are not so different in the fluid region. The smaller system
has a higher upper temperature of gel stability, and that causes a higher gel/fluid
transition temperature upon making the equal-area construction on 1/TS. Periodic
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boundary conditions over-stabilize the gel in a small system, but have little effect on
the fluid. Thus a decrease in Teq with increasing size is expected, as is observed in
Table 2.1.
2.3.3 Temperature-dependent order parameters
We now turn to analysis of the transitions in terms of temperature-dependent order
parameters, requiring extraction of temperature-dependent averages from the gen-
eralized ensembles. This can be done rigorously by reweighting, but for a simple
approximate procedure, the most probable enthalpy in a simulation at constant tem-
perature T obeys T = TS(H
?), and, in a simulation with the ensemble of replica
α, Tα(H
?
α) = TS(H
?
α). Thus it is seen each replica has an effective configurational
temperature equal to Tα(H
?
α), that is, the replica samples the same enthalpy states
as does a constant-T simulation with T = Tα(H
?
α). Thus we proceed by identifying
replica effective temperature with the usual temperature in the isothermal-isobaric
ensemble.
If there are multiple states with the same effective temperature, as in the transition
region, methods using T as the control parameter compute an average. By contrast,
the current entropic scheme shows the contribution from the states separately. Thus,
if coexisting states are sampled and TS has an S-loop, the order parameters vs T will
also have an S-loop. We believe that the entropic method conveys a clearer picture
of the transition. Gross [72] has emphasized that a constant-H ensemble contains
the most information, as the ensembles using T as the control parameter represent
averages over such ensembles, a point of special significance at a phase transition,
and here we have a perfect example.
Bilayer thickness, area per lipid, and orientational order parameter P2 were cal-
culated for 32 Wet lipids and 390 Dry lipids, and are shown in Figure 2·13, with
nearly identical results to a variety of constant-T simulation methods in each stable
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Figure 2·13: Temperature-dependent order parameters for wet (top)
and dry (bottom) MARTINI bilayers for melting (purple) and freezing
(green). Only melting is shown for wet MARTINI, which refers to the
special initialization with all replicas initialized as gel lipids with liquid
water.
phase[35, 104, 105]. Bilayer thickness was calculated as the height difference between
the center of mass of the two MARTINI beads representing the lipid headgroup and
in the bottom and top leaflets. For both Wet and Dry MARTINI, bilayer thickness
decreases as a function of temperature but dry MARTINI bilayers have better agree-
ment with the experimental value of 3.90 ± 0.08 nm [18] at 323 K for DPPC in the
fluid phase. For a bilayer in the X-Y plane, area per lipid was calculated as the
product of the periodic box divided by the number of lipids per leaflet. Again, both
models show similar qualitative results, with wet Martini in excellent in agreement
with the experimental value for the fluid bilayer of 0.631 ± 0.013 nm at 323 K [18].
Comparisons between our simulated MARTINI models, the Nagai paper[35], and ex-
perimental results[12, 15, 18] are given in Table 2.2. Agreement of the gREM and
tREM simulations for 32 Wet lipids is good.
P2 indicates the tilt of the hydrophobic lipid chains by measuring the angle be-
tween the vector from the head group to hydrophobic beads (’C1’ bead in the case
of DPPC) and the bilayer normal, and was calculated as P2 =
1
2
(3 cos2 θ − 1) where
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Table 2.2: Temperature dependent order parameters, Bilayer Thick-
ness (DB) and Area per Lipid (A) for 32 Wet and 390 Dry MARTINI
lipids and experimental results. Gel-phase results are indicated in bold.
Temperature (K) Wet (gREM)? Wet (tREM)[35] Dry (gREM) Expt.[12, 15, 18]
290 DB (nm) 4.60± 0.08 4.52 5.09± 0.02 4.8± 0.3†
A (nm2) 0.50± 0.01 0.50 0.456± 0.001 0.479± 0.002‡
300 DB 4.24± 0.15 4.22 5.07± 0.02 -A 0.61± 0.01 0.59 0.459± 0.002 -
320 DB - - 4.21± 0.04 3.90± 0.08A - - 0.613± 0.005 0.631± 0.013
330 DB - - 4.14± 0.04 3.81± 0.08A - - 0.631± 0.004 0.650± 0.013
?Order parameter calculation taken from tilted-gel initialization.
†Measurement taken at 295 K. ‡Measurement taken at 297 K.
P2 = 1 indicates perfect alignment, P2 = 0 indicates random alignment and P2 = −0.5
indicates perpendicular alignment. Values were calculated for the second hydropho-
bic bead and agree quite well with the literature for both gel and fluid phases in Wet
MARTINI[104]. To our knowledge this is the first report of P2 in Dry MARTINI
which is quite comparable to the wet result. The non-overlap of the green and purple
curves at low H show, again, that a completely ordered gel phase cannot form in
freezing, and more so in Dry than in Wet MARTINI.
2.4 Discussion
Computer simulation of strong phase transitions is challenging and an obvious venue
for innovative methods, as opposed to brute force. Our proposed method is the
generalized replica exchange method, gREM.
Several applications of the gREM to one-component systems [51, 53, 78–80, 106–
108] have confirmed the validity of its underlying concept for the study of phase
transitions. Recently we applied it successfully [95] to a water/methane mixture in
the study of gas hydrates. Here we took one more step to a lipid bilayer-water system,
which consists two coupled subsystems, water and lipid bilayer, each with its own tran-
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sitions. Lipid-water systems are of great inherent interest. From our perspective they
must also be well understood before moving on to the study of vesicles and nanoparti-
cles wrapped by lipid layers, with application to energy-related nanoreactors and drug
delivery. Most simulation in these areas has employed conventional algorithms. We
are aware of only a few applications of enhanced simulation[35, 38, 109, 110] focused
on lipid phases with MARTINI or higher level models.
We follow the entropic, or microcanonical, approach [72, 93], with enthalpy as
the control parameter, implemented via computation of the statistical temperature,
TS(H). Good agreement for the transition temperature was found with the single
prior, conventional replica exchange study of the 32 Wet lipid system, with differences
that were discussed. With hysteresis, care must be taken in the initialization of the
replicas, determining precisely which transition is observed. A broad feature in TS(H)
was decomposed into contributions from the transitions in the subsystems, including
tilted-gel/gel and gel/fluid in the lipids, and solid/liquid in the water. Teq = 292.4 K
is found for gel/fluid while water remains liquid.
390 Dry MARTINI lipids showed two-dimensional analogs of the subphases found
in pure substances, distinct topographies of coexisting states, with Teq = 333.3 K.
However we could not observe subphases with 32 wet MARTINI. We raised the pos-
sibility that the optimal interaction with water in a homogeneous phase would be
impossible for an inhomogeneous coexisting state, suppressing it, and that the com-
posite lipid-water system would have an extended enthalpy range for competing ho-
mogeneous states. More simply, 32 lipids may just be too small, with surface effects
too strong, for coexisting states to exist. Thus we also simulated 32 Dry lipids. A
new type of coexisting state was found, with tilted-gel in one leaflet and gel in the
other, but not the pure fluid type states, supporting the idea that the system is simply
too small. However the estimated Teq, 338 K, is in reasonable agreement with 333.3
39
K for 390 lipids, indicating that the small system is still worth studying. The size-
dependence of Teq follows if the primary effect of the periodic boundary conditions is
to stabilize the ordered gel phase.
We proposed a simple way to obtain temperature-dependent averages from the
generalized simulation by equating the effective temperature of a replica, evaluated at
its most probably enthalpy, with the usual temperature. This has the advantage over
methods with temperature as the control parameter of not averaging over states with
enthalpy differences comparable to the mean near the transition [72]. The resulting
temperature dependence of the usual order parameters was in good agreement with
isothermal-isobaric simulations in the literature.
Chapter 3
Simulation of Fluid/Gel Phase
Equilibrium in Lipid Vesicles1
3.1 Introduction
Unilamellar (single bilayer) vesicles, sometimes called liposomes, have found impor-
tant applications in drug delivery with tunable properties affected by the size and
composition of the vesicle[111]. Despite this success, molecular details of vesicle struc-
ture and dynamics are lacking, especially for small unilamellar vesicles due to difficult
experiments and expensive computer simulations, compared to flat bilayers[17, 112].
Vesicle composition varies widely with many synthetic and hundreds of biological
lipids available[112, 113] to make complex mixtures. Robust phase behavior exists
for even the simplest compositions and differs from flat bilayers without curvature[28,
45, 46, 114]. A vesicle is made by warping a piece of a bilayer into a shell, introducing
the effects of finite size, curvature, and heterogeneity which causes the layers, or
leaflets, to be non-equivalent. Measurable differences in the order-disorder phase
behavior between small and large unilamellar vesicles[13] have been reported. These
effects are central to nanoscience, and are what we seek to understand using computer
simulation with enhanced sampling.
Previous simulations of phase transitions in lipid vesicles have proven difficult
and are constrained by long-time processes such as solvent diffusing in/out of the
1Reproduced from Ref. [50] with permission from the Royal Society of Chemistry.
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vesicle[115, 116] or effects from asymmetric leaflets[117, 118] that inhibit the freezing
or melting of the lipids. Recent work simulated non-equilibrium vesicle melting trajec-
tories following a temperature jump[19, 97], but with the exception of studies utilizing
highly simplified lipid models[30, 119–122], we are aware of only one attempt[115] to
simulate the fluid/gel transition in vesicles with more realistic coarse-grained or atom-
istic models.
With prior success sampling phase transitions in bulk bilayers with enhanced
sampling methods[110] and specifically multicanonical ensembles[35, 37, 49, 92, 123] in
mind, here we apply the statistical temperature molecular dynamics[54, 55] (STMD)
algorithm to lipid vesicles in order to study the order-disorder transition. We aim to
verify the effectiveness of STMD when applied to a large system with significant free
energy barriers, and to understand the molecular mechanism for the fluid/gel (and
visa-versa) transition in single component lipid vesicles of varying sizes.
3.2 Computational Details
Spherical vesicles were constructed using the solvent-free DRY-MARTINI[63, 64,
66] DPPC model in PACKMOL[124] and assigned topology and parameters using
Moltemplate[94]. Three different vesicles were simulated with approximate diame-
ters: 10 nm (1350 lipids), 20 nm (5100 lipids), and 40 nm (17600 lipids).
We initialize the vesicles with numbers of lipids in the inner and outer layers
determined by the bulk fluid area/lipid and an estimate of the inner and outer surface
area. For the simulation to achieve complete equilibration, exchange between the
layers (“flip-flop”) must occur. Otherwise we have constrained equilibration with a
fixed inner/outer ratio.
Figure A·1 shows that STMD does allow flip-flop: As fluid→gel, the fraction of
lipids in the inner layer decreases. This makes sense since the gel vesicle is smaller,
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and the thickness of the bilayer has a relatively larger effect on the surface area of
the outer layer, so there should be relatively more lipids in the outer layer, and fewer
in the inner. However the ammount of flip-flop is too small, and it does not occur
away from the transition. Thus we varied the inner/outer lipid ratio from what we
initially used, at constant total N , for the 20 nm vesicle. There was little change
in the statistical temperature, bottom of Fig S1 in SI, or in the appearance of the
gel structures formed, indicating that at least some properties of the system are
insensitive to the inner/out ratio, so long as it is not too far off.
Regarding the performance of STMD, Ref. [117] might be considered a relevant
comparison. However, we use the implicit solvent DRY-MARTINI model while it uses
the more computationally intensive explicit water MARTINI model. Furthermore,
Ref. [117] is focused on flip-flop and uses a method that creates a pore in order to
obtain vesicles with equilibrated flip-flop at a single, constant temperature. Thus,
the studies are quite different.
Each of the three vesicle simulations were run for 5×108 steps with a 30 fs timestep
(15 µs effective simulation time) using the LAMMPS[81] molecular dynamics code.
For STMD, the sampled temperature cutoffs were 200 K and 400 K for low and high
respectively and the initial δf was set to 0.001 and reduced every 2 × 106 steps.
Simulation data was discarded until the algorithm sampled a flat energy histogram,
generally the first ∼108 steps.
A Nose-Hoover thermostat was used to hold the kinetic temperature at T0 = 323
K with constant volume. The periodic simulation box was large enough such that
the vesicle had no interaction with neighboring images. Post analysis was performed
with MDAnalysis[125, 126].
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Figure 3·1: Energy histograms (A) for all three vesicles taken from
production data only. Potential energy trajectories for the production
run (B-D) show that many fluid/gel transitions were simulated.
3.3 Results
3.3.1 STMD applied to vesicle phase transitions
The energy histograms for each system, with excellent flatness indicating good sam-
pling, are shown in Figure 3·1. Also shown are energy trajectories for each vesicle,
exhibiting robust sampling of both high energy fluid structures around ∼ -35 kcal/mol
and a low energy gel phase near ∼ -45 kcal/mol, with ample transitions between the
two stable phases. Freezing and melting events occur spontaneously, and the system
does not get trapped in a single phase. In total, 24 events were observed for the
smallest 10 nm vesicle, 37 events for the 20 nm vesicle, and 27 events for the 40 nm
vesicle.
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Interestingly, the smallest vesicle samples the highest energy per lipid. Low energy,
well-packed structures are simply not present due to the large curvature, which shifts
the sampled energy range up to include higher energy structures within the desired
temperature range, which was identical for all three systems. Despite the enhanced
sampling, hysteresis between the melting and freezing transitions is present, indicated
by the asymmetry in the energy trajectories for each freezing/melting pair[49? ].
However the pattern occurs over the same energy range for each pair in the trajectory,
indicating no long term drift.
As previously discussed, the statistical temperature is a sensitive function in the
vicinity of a transition where S(U) becomes convex leading to a S-loop in TS(U)[93].
In the entropic approach[93], transitions are defined by peaks in the derivative of the
inverse temperature, β′S(U). Peaks with positive and negative heights denote first
and second order transitions, respectively[37, 53, 80].
We consider the statistical temperature, shown in Figure 3·2, the primary result
from STMD. Statistical temperatures for each system were averaged over a 106 step
window with weights for each energy bin proportional to the histogram value sampled
during the window divided by the total histogram value. This was done so that values
of TS(U) that are visited most frequently during the last window contribute most
heavily to the average.
There is some debate whether the transition is first or second order[45, 120].
According to the entropic theory[93], transitions are identified by peaks in β′S, with
a positive (negative) peak value indicating a first (second) order transition. Thus
Fig. 3·2 indicates the transition is first order at 40 nm, and boderline second/first order
at 20 nm and 10 nm. With a clear S-loop at 40 nm, a Maxwell equal-area construction
is performed on βS(U) to yield the equilibrium transition temperature, as we did in
bulk [49], but finding a lower transition temperature[49]. In the other cases, the peak
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Figure 3·2: Top: TS(U) for three different sized vesicles with diam-
eters 10 nm (purple), 20 nm (green) and 40 nm (blue) showing an
increase in transition temperature with size and an overall increase in
transition strength. Bottom: Derivative of 1/TS(U) for each vesicle in-
dicates a first order transition with peaks greater than zero (gray line)
for 40 nm and borderline otherwise.
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Figure 3·3: Transition temperature for all vesicle sizes versus 1/diam-
eter where zero is the reported value for planar bilayers[49].
position in β′ is used to identify the transition energy which yields an estimate of the
transition temperature via TS(U). It should be noted that some smoothing of the
underlying TS(U) is done to obtain β
′ without significant noise. There is a strong
trend of decreased transition temperature with increased curvature. We believe that
this primarily arises from the disruption of the good gel packing found in a bulk
lamellar bilayer by curvature, favoring the fluid phase and making melting easier.
Size dependence of the transition temperature is shown in Figure 3·3 with a nearly
linear dependence on 1/d, indicating strong finite size effects, in accordance with
experiment[20, 44, 127]. Despite the correct qualitative trend, our simulations find a
much larger shift in the transition temperature than what is measured experimentally
with DSC, which in the most extreme cases is ∼5 K [44, 128]. We attribute this as
an artifact of the DRY-MARTINI model.
As previously pointed out[47, 49, 120], lipid vesicles are nanoscale systems, and the
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influence of surface and finite size effects are crucial properties of the real system and
not artifacts from a simulation far from the thermodynamic limit. Experimentally,
the transition temperature of unilamellar vesicles with d < 700 nm are found to differ
from bulk bilayer and multilayer liposome measurements[128], further emphasizing
the above point.
An important feature of Figure 3·2 is the general upwards shift in TS(U) with
increasing vesicle size in the low energy range. Decreasing curvature reduces disrup-
tion in the gel phase packing, enabling gel phase stability which leads to a higher
statistical temperature at constant energy per lipid. Nevertheless, for the sizes under
study, we find that a homogeneous gel, characterized by the packing of the lipid tail
groups, cannot form. Instead, faceted gel domains separated by fluid seams, which
are discussed in detail below, are present for all curvatures[129–131]. Despite the
inhomogeneity, we will continue to refer to “gel” states. As vesicle size is increased
to 40 nm, the domains tessellate more effectively, lowering the energy per lipid at
constant TS, but the gels remain inhomogeneous.
At the higher fluid-state energies, the 20 nm and 40 nm TS overlap, indicating that
the low-curvature regime has been reached. Since the fluid state is already disordered,
the effect of curvature is weaker than on the gel, and requires smaller vesicles to be
noticeable. This structural difference in the fluid phase is most prevalent in the
headgroup orientations, which are sensitive to the molecular volume available to the
headgroup beads.
3.3.2 Structure of fluid and gel vesicles
The headgroup extension angle, between the two headgroup beads and the first linker
bead, is unconstrained in the MARTINI DPPC potential. The distribution of head-
group angles in the fluid phase (configurations with Ulipid > −33.5 kcal/mol) is shown
for both layers of all vesicle sizes in Figure 3·4, but only the smallest 10 nm vesicle
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Figure 3·4: Distribution of lipid headgroup angles in the fluid phase.
In the smallest (10 nm) vesicle (purple) the inner and outer layers
are clearly different, with the inner layer (solid) showing a peak at
larger extension than the outer layer (dashed). Larger vesicles have no
difference between layers, indicating the strong influence of the high
curvature in the smallest vesicle.
exhibits differences between the inner and outer layer. Due to the geometry of a
vesicle with large curvature, the inner layer headgroups are more confined than the
outer layer[132], resulting in a distinct peak at 120◦ where the headgroup is linearly
aligned with the lipid tail group to optimize packing. In the outer layer, the distribu-
tion is less peaked, but still shows preference towards a smaller headgroup extension
angle, indicating that headgroups need not be directly aligned with the corresponding
tail chains due to the less crowded environment. In comparison, larger vesicles with
smaller curvature show no difference in the headgroup angle distribution and their
layers, by this metric, are identical.
Several order parameters were calculated over the entire production STMD trajec-
tory to quantify the transition. Per-leaflet order parameters were necessary to assess
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Figure 3·5: Top: Gel fraction versus energy showing all vesicle sizes
(colors) and the breakdown into both inner (solid) and outer (dashed)
layers. Bottom: Gel fraction vs temperature for the entire bilayer.
differences in the layers. Layers were identified from the radial orientation of the lipid,
lipids headgroups that point towards the vesicle center of mass belong to the inner
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layer and visa-versa. Energy dependence of order parameters was assessed by binning
each trajectory snapshot by energy and calculating the average order parameter. For
temperature dependence, TS(U) was used to associate a temperature to an energy
bin. While reweighting is required to obtain a canonical average versus temperature,
we present unweighted order parameters as it shows the pathway of the phase transi-
tion through the generalized ensemble states that would otherwise be metastable in
the canonical ensemble[49].
The phase of each lipid was assigned based on the packing of neighbors in the
same layer within 7.5 A˚ around the second hydrophobic tail bead (C2). A bead
is considered gel if it has six neighbors, gel-like if it has five neighbors, and fluid
if it has four or fewer neighbors. The fraction of gel lipids versus energy decrease
monatonically with increasing energy, Figure 3·5.
Curvature disrupts the gel packing, and curvature is lower in the outer layer. The
gel fractions at 20 and 40 nm are higher in the outer layer than in the inner, and are
almost identical, for all energies, suggesting a minimal effect of curvature. In sharp
contrast, at 10 nm the inner layer is more gel-like than the outer at low energy, and
both layers are substantially less gel-like than at 20 and 40 nm. This anomalous
behavior results from the unique structure of the inner layer in the low energy gel
phase, further discussed below. At high energy the gel fraction of all the inner layers,
and the 10 nm outer layer, are almost identical, suggesting that they are all exhibiting
the effects of curvature. It is notable that even the outer layer in the fluid phase is
influenced by curvature at 10 nm.
Considering the effect of decreasing curvature on the temperature-dependence of
the gel fraction, Figure 3·5 right, the largest vesicle gets the largest gel fraction at
low T , indicating greater homogeneity, and a sideways S-loop is clear, indicating a
well-defined first order transition.
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Outer Inner
Figure 3·6: Snapshots of the low energy gel phases found by STMD.
The 10 nm vesicle (top) has an aspheristic and almost trigonal inner
layer. Larger 20 nm (middle) and 40 nm (bottom) vesicles all form
polyhedra-like shapes consisting of coexisting states of flat gel domains
separated by fluid seams in the lowest energy configurations.
Gel structures found by STMD for each of the three systems are compared in
Figure 3·6. The shapes are aspherical, especially at higher curvature where the inner
layer of the smallest vesicle is almost trigonal, similar to what is found for other
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Figure 3·7: Free energy vs energy profiles evaluated at the transition
temperature for 10, 20, and 40 nm vesicles. The largest vesicle has a
prominent free energy barrier, indicating a first order transition. The
20 nm vesicle shows a smoothed free energy with single well, as in
a second order transition. The smallest 10 nm vesicle is boarderline
first/second order with characteristics of both.
coarse-grained models [115, 116]. For all three sizes we find formation of faceted gel
domains separated by ’seams’ of interfacial low-density fluid lipids, as identified by
C2 bead packing and observed experimentally[129–131].
It should be noted that the gel domains are essentially flat. All curvature is
contained in the fluid lipid seams that separate gel domains. The interfacial lipids
differ from typical fluid lipids found in the homogeneous fluid phase. Instead of being
aligned roughly along the local radial direction, these lipids orient independent of,
and sometimes perpendicular to, the radial direction, with low density in order to
alleviate the high curvature strain imposed at the seams. Recent work[133] indicates
that phase boundaries in flat bilayers have enhanced solvent and ion transport, and
we speculate these interfaces may have similar properties, tunable by curvature.
A phase transition is considered to be first order if there is a latent heat, and
a free energy barrier separating the stable phases, as in the typical double well pic-
ture. A second order transition exhibits continuous behavior and no latent heat or
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significant barrier in the free energy versus energy. To thoroughly address the order
of the transition and expand upon the above entropic analysis, we analyze the free
energy versus energy, evaluated at the equilibrium transition temperature and shown
in Figure 3·7, with the geometry differences between gel phase structures of different
size vesicles in mind.
The results are consistent with the entropic analysis based on Figure 3·2. We
see a clear first order transition for the largest 40 nm vesicle characterized by two
minima with equal depths, separated by a barrier with the distance between minima
identified as the latent heat. We previously said that entropic analysis indicated that
the transitions in the 10 nm and 20 nm vesicles were borderline first/second order.
Now we combine both methods. We see that for the 20 nm vesicle, the free energy
profile exhibits a single well, so we will call it a second order transition. A very
slight double-well is recovered in the smallest 10 nm vesicle suggesting that we retain
the borderline first/second order characterization. While we do not understand the
significance of the canonical barrier to STMD dynamics with scaled forces, it seems
worth noting that the 20 nm vesicle, with no barrier, has the fastest dynamics in
Fig. 3·1.
We attribute the increase in first order character of the 10 nm compared to the 20
nm vesicle to the unique geometry of the smallest vesicle. Changing geometry from
a spherical to pyramidal structure enables fewer but larger flat gel surfaces to form,
which behaves more similar to a flat bilayer where the transition is strong and clearly
first order[49].
To further assess the lipids in the fluid seams, bilayer thickness for each vesicle
was calculated from average distance of lipid headgroups to the vesicle center of mass
for each layer and then taking the difference, shown in Figure 3·8, left. While the
larger vesicles show the expected trend of large thickness decreasing with increasing
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Figure 3·8: Top: Bilayer thickness for all vesicle sizes (colors) versus
energy. Bottom: Per-leaflet average lipid length (black) and average
thickness (red) for the inner (solid) and outer (dashed) layers of the 10
nm vesicle. The inner layer of the 10 nm vesicle (solid red) shows an
anomalous trend due to packing of interfacial fluid lipids tangent to the
bilayer surface while still fully extended in the gel phase.
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energy per lipid, as the chains become more fluid, the change is smaller than in flat
bilayers where the thickness decreases from ∼ 5.1 nm in the gel phase to ∼ 4.1 nm
in the fluid[49]. Even with low curvature, the 40 nm vesicle has reduced gel and fluid
phase thicknesses of ∼ 4.6 and ∼ 3.8 respectively, indicating a small but finite effect
from curvature on both phases. As curvature increases, the difference in thickness
between phases decreases substantially, especially for the smallest 10 nm vesicle with
gel and fluid phase thicknesses of ∼ 3.7 and ∼ 3.5 respectively, showing that both
phases can be significantly affected with sufficiently large curvature.
In addition to smaller differences in thickness between phases, the thickness of all
the vesicles is less than in bulk, strikingly so in the 10 nm vesicle. We believe that is
because the lipids in the fluid seams, most pronounced at 10 nm, do not point radially
but are ”lying down” tangent to the bilayer plane.
Per-leaflet thickness and average lipid length were also calculated in Figure 3·8,
right, for the small 10 nm vesicle. The former is defined as as the magnitude of the
vector from the vesicle center of mass to the lipid headgroups minus the magnitude of
the corresponding vector to the tails, averaged over all the lipids in the specified layer.
The lipid length is simply the average magnitude of the lipid tail-to-head vectors,
independent of orientation, and thus is not a thickness. The per-leaflet thickness is
a measure of the dimensions of the lipids in the radial direction, regardless of the
direction of the tail-to-head vector.
At low energy, the lipid length is much larger than the bilayer thickness at 10
nm. We ascribe this to extended lipids in the seams lying down and having small
radial extension, bringing down the average thickness. The increase of the thickness
of the inner layer with increasing energy at intermediate energy goes against the
simple expectation of more fluid, less extended lipids at higher energy being less
thick. However it occurs because those anomalous lipids stand up, pointing more
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Figure 3·9: Normalized vesicle diameter, calculated at the bilayer
midplane, versus energy showing significant and comparable expansion
for all vesicle sizes.
radially and increasing the thickness.
The reason why the inner layer is more gel-like than the outer at 10 nm, discussed
after Figure 3·5, is now apparent. With the most pronounced ”soccer ball” structures
with flat gel patches, the gel in the inner layer is not curved and is well packed. There
has been some debate on whether the inner or the outer layer is more gel-like. With
the exception of the fascinating 10 nm case, we find that the outer layer is more gel-
like than the inner, in agreement with Spangler et al. [120], due to lower curvature
and the smaller fraction of interfacial fluid lipids, contrary to predictions by Lamberg
et al.[118].
The normalized vesicle diameter, Figure 3·9, expands significantly with increasing
energy. We find that despite starting with roughly identical normalized diameters at
low energy, both the larger vesicles expand considerably more than the 10 nm vesicle,
which we attribute to the 10 nm being already relatively large at low energy due to
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disruption of the gel by high curvature. Again, the unique character of the very small
vesicle is observed.
In an implicit solvent model, changes in lipid dimensions are easy to sample com-
pared to explcit solvent, where waters inhibit the change in area per lipid which occurs
with a phase change [115, 118]. A back-of-the-envelope calculation determines that
the volume change of the smallest vesicle would require movement of thousands of
waters assuming a constant density of 1.0 g/mL (∼ 33 waters / nm3). For larger vesi-
cles, the 40 nm system has a volume change between fluid and gel states of 1.6× 104
nm3 which equates to over 500,000 waters diffusing through the membrane. Even if
this simple calculation is over estimating the amount of required water transport by
an order of magnitude, the point remains that sampling phase transitions of solvated
vesicles is profoundly difficult due to the solvent coupling, thus motivating the use of
implicit solvent models.
3.3.3 Fluid/Gel transition pathway
A unique feature of vesicles compared to planar bilayers is the leaflet asymmetry, as
discussed above. Specifically for nano-sized vesicles, the curvature of the outer layer
is substantially smaller than the inner. Combined with the imbalance in the number
of lipids, this causes the outer layer to freeze first[115, 118, 120], which we also find
in the STMD trajectory. Snapshots from a selected trajectory for the 20 nm vesicle,
with particles colored by phase identified by C2 bead for each layer, show the freezing
progression in Figure 3·10 and melting in Figure 3·11. Progressions for the other sized
vesicles are included in Appendix A.2.
Starting from a homogeneous fluid, the outer layer forms many small gel regions
first. Next, the inner layer forms gel domains localized on the existing gel lipids of the
outer layer while the outer gel domains grow in size. Finally, the gel domains in both
layers grow with the outer layer forming an polyhedron-like structure with angular
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Outer Inner
Figure 3·10: Snapshots of the 20 nm vesicle during a freezing event.
The outer layer (left) forms a gel first while the inner layer (right) is
still a homogeneous fluid. No homogeneous gel phase is formed, gel
domains are separated by low density fluid seams. Lipids are colored
based on the phase: gel (red), gel-like (yellow), and fluid (blue). All
images are to scale.
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intersections of gel faces separated by a thin seam of fluid lipids at high curvature
with properties discussed above. The seams in the fluid stay a few lipids wide and
are a similar width for all vesicle sizes. Thus, a substantial number of fluid lipids are
always present, with greater fraction in smaller vesicles, even at the lowest sampled
energies. While the trajectory in Figure 3·10 is shown only for the 20 nm vesicle, the
same mechanism including freezing of the outer layer first, is seen for even the larger
40 nm vesicle where asymmetry of the layers is smaller.
Turning to melting, it is initiated by an increase in width of the fluid seams, shown
in Figure 3·11. From the STMD trajectory, it is unclear whether the inner or outer
layer’s seams grow first, but it is clear that the gel lipids in the inner layer melt to
a homogeneous fluid first. It is likely that the fluid seams grow simultaneously, but
since the inner layer has a smaller surface area than the outer, the number of fluid
lipids reach a critical size and the inner layer transitions to a homogeneous fluid first.
In addition to the drastically different shapes of the gel and fluid phase phase, large
shape fluctuations of fluid vesicles are observed. While the gel phase is aspherical due
to the formation of gel domains, the fluid phase also has aspheristic tendencies due
to larger fluctuations of the lipids at higher temperatures[116, 134]. To qualitatively
assess the vesicle shape throughout the transition, we compute the asphericity[115,
135] as the anisotropy of the inertia tensor, T, for the C2 beads of each layer as
A =
3
2
3∑
i=1
(λi − λ¯)2
(trT)2
(3.1)
where λ are the principal radii of gyration. For a spherical shape, A = 0 and is
greater than zero otherwise.
The larger vesicles show a transition in the asphericity of both layers, Figure 3·12,
and similarly described by prior work[115, 116], initially decreasing while in the gel
phase at low energy per lipid, and then increasing as the vesicle transitions from
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Outer Inner
Figure 3·11: Snapshots of the 20 nm vesicle during a melting event.
The inner layer (right) melts first as the size of fluid seams increases.
Lipids are colored based on the phase: gel (red), gel-like (yellow), and
fluid (blue). All images are to scale.
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Figure 3·12: Asphericity for both the inner layer (top) and outer layer
(bottom) of lipid vesicles (colors) for all energies sampled during the
STMD trajectory.
the gel to fluid phase. The outer layers show nearly identical trends as their inner
counterparts, but with smaller asphericity due to better packing on the facets on a
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larger surface. At high energy per lipid, the asphericity is determined by spontaneous
shape fluctuations. While the largest vesicle undergoes the largest shape fluctuations,
they are roughly symmetric and not captured in the asphericity. Instead the 20 nm
vesicle has the largest asymmetric fluctuations, sometimes nearly forming a rod-like
shape.
Perhaps unsurprisingly by now, the 10 nm vesicle is unique. Particularly interest-
ing is the reversed asphericity trend in the inner layer, where the low energy structure
is much more aspherical than the gel found in larger vesicles due to the trigonal ge-
ometry shown in Figure 3·6. There is no change in asphericity for the outer layer
throughout the entire energy range. We attribute this to both the more spherical gel
phase formed, due to the decreased curvature compared to the inner layer, resulting
in a decreased asphericity at low energy per lipid, and moderate fluctuations in the
shape at high energy per lipid.
Looking closely at Figure 3·12, it should be noted that the asphericity for the 20
and 40 nm vesicles decreases in the transition region before increasing at high energy
per lipid. In the transition region, some gel-like lipids are still present in significant
numbers leading to a somewhat stiff vesicle devoid of fluctuations with packing similar
to the fluid phase such that no facets form.
3.4 Discussion
By employing STMD and an implicit solvent, coarse grained force field, we have been
able to characterize the lipid gel/fluid transition, and the structure of the phases, in
vesicles with diameters 10, 20, and 40 nm. STMD is seen to perform as we hope
by robustly sampling both phases, with multiple spontaneous freezing and melting
events in a single trajectory, without trapping in the low energy gel phase.
Our analysis relies heavily upon the statistical temperature as a function of en-
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ergy, TS(U), generated automatically by STMD and interpreted with the entropic
viewpoint [93]. The transition temperature decreases with decreasing diameter, and
the transition changes from first order to borderline first-second order. Including the
transition temperature of a bulk flat bilayer at infinite diameter, four transition tem-
perature points fall on a perfect straight line, with negative slope, vs 1/(diameter).
We consider that the primary finite-size effect is disruption of the gel packing by
curvature, which increases with decreasing diameter, and from outer to inner layer.
This is the source of the size-dependence of the transition temperatures. STMD allows
us to obtain well equilibrated gel, as well as fluid, states. A significant feature of the
gels is that they are inhomogeneous, tending to form “soccer-ball” structures with flat
facets connected by high-curvature fluid seams, rather than a curved, homogeneous
gel.
Similar gels have been found by Risselada et al.[115] by quenching fluid vesicles,
Kindt et al.[97] by equilibrating truncated icosahedral structures comprised of flat
pentagonal and hexagonal gel patches with MD, and Wu et al.[116] by self-assembly
of systems initialized as bilayers using dissipative particle dynamics. Laradji et al.[120]
simulated the transition with a cooling and heating schedule for MD with a 3-bead
model and also found faceted gels.
The seams have a low density and contain lipids that lie more perpendicular than
parallel to the vesicle radial direction, giving rise to anomalous energy dependences
of several order parameters. The trend to inhomogeneity increases with increasing
curvature and at its extreme limit the gel in the inner layer is more pyramidal than
spherical. At the highest curvature, fluid phase structure is also disrupted.
STMD reveals the order of events in the phase transition. Since the inner layer
has higher curvature, it melts first, and the outer layer freezes first. The outer layer
nucleates homogeneously at several points, they consolidate into larger patches, and
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then the inner layer nucleates heterogeneously in coordination with the larger patches.
Chapter 4
Lipid Packing and Phase Transitions in
Lipid-Wrapped Nanoparticles1
4.1 Introduction
With previously discussed ideas and insight to phase transitions in flat bilayers and
curved vesicles, here we consider bilayers wrapped around nanoparticle (NP) cores,
called lipid-wrapped nanoparticles (LNP). LNP have applications in fields ranging
from drug delivery[4, 5] and water purification[136] to imaging[1, 2], catalysis[7], and
energy transfer[6]. Typically, LNP have complex membrane compositions with mul-
tiple lipid components and cholesterol. The question of how the complex phase equi-
librium changes when the bilayer forms a shell with an interface with a NP core
then becomes highly relevant [3, 100, 101, 109, 137–140], as well as a problem in
fundamental statistical mechanics [141, 142].
Before addressing that question, however, an understanding of the composition of
bilayers in LNP is required. In the lab they are synthesized by mixing NPs with a
bath of liposomes comprising of both saturated and unsaturated lipids and cholesterol.
The LNP composition is found to differ from that of the bath[1, 3, 7, 143, 144]. Here
as a first step we consider membranes with a single lipid component, so composition
reduces to the number of lipids in the outer and inner layers, No and Ni.
1Reprinted (adapted) with permission from Stelter, D. and Keyes, T. J. Phys. Chem. B. 2018,
122 (26), 6755-6762. Copyright 2018 American Chemical Society.[47] Except for “STMD applied to
LNP” (Section 4.3.3) which contains unpublished results.
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In lamellar bilayers the layers are equivalent and the area is uniquely defined, so
a single area/lipid specifies the composition for a single component. By contrast, in
an LNP, the layers are not equivalent and will have different numbers of lipids [145].
Their areas are no longer uniquely defined and, even assuming a spherical shell, range
from a minimum to a maximum value in each layer. A choice of area for each layer
yields two areas/lipid, which may depend on the LNP size, instead of having the
usual constant value. LNP are self-assembled and the composition of the layers is
determined by the equilibrium reached in that process. Our first goal is to determine
the composition of each layer as a function of core radius, and to investigate the utility
of the area/lipid concept for LNP. We find that the inner layer is well described by
the usual area/lipid picture, but the outer layer is not.
In addition to simplifying to a single type of lipid, we consider a generic NP core
that simply holds the lipids of the inner layer in a shell, with no specific interactions.
So, in this paper we study the dependence of LNP properties upon the NP core radius,
R, and temperature, T .
Direct MD simulation of self-assembly for a fixed core is challenging[137, 146],
so we consider an alternative approach. For an LNP prepared with specified ini-
tial guess of No and Ni, we let the core radius vary and seek an equilibrium value.
Variation of the radius at fixed temperature is accomplished with a hybrid MD/MC
algorithm, including radius-changing MC moves, yielding an averaged 〈R〉, and a
Jarzynski method, yielding a free energy vs R with a minimum at a value of R in
good agreement with the average from the hybrid algorithm.
With atomistic or even realistic coarse-grained lipid models, e.g. MARTINI, ex-
change between layers (”flipflop”) is very slow [64, 147, 148], so an average R would
be obtained for the initial Ni and No, not for their equilibrated values expressed
as the ratio r = No/Ni. Thus we employ a 3-bead model in which flipflop is fast
67
[68, 69, 137, 148]. For a specified, fixed total number of lipids, denoted N , we obtain
both the equilibrated ratio, 〈r〉(N), and radius, 〈R〉(N), from which the areas/lipid
are available, with a choice of area to be discussed. Varying the initial N and temper-
ature varies the final R and yields the R- and T -dependences. Physically motivated
fits describing the simulation results are presented.
With simulated configurations in hand we investigate the order/disorder transition
in the two lipid layers. The core radius and the overlap of the inner and outer layers
vs T for various fixed N , and the bead density as a function of distance from the core
center for various N and T , are used to characterize the order and the transition. The
transition becomes increasingly well defined with increasing system size, and moves
to higher T . For one of the larger LNP, N = 30, 000, we simulated using STMD with
fixed NP core size determined from the hybrid MD/MC method to obtain detailed
phase behavior and underlying TS(U). The ordering effect of the core is clear, with
the inner layer more ordered than the outer. Evidence of interdigitation[100, 101] of
the inner head groups is found for the most highly ordered states.
4.2 Computational Details
4.2.1 LNP model
Lipids are represented by three beads with the Cooke model [68, 69], held together
by FENE bonds
Vbond(r) = −1
2
kbondr
2
∞ log[1− (r/r∞)2] (4.1)
with kbond = 30/σ
2 and r∞ = 1.5σ. A harmonic potential is added between the
head and second tail bead to control bending with kbend = 10/σ
2 and length 4σ to
maintain chain straightness. Each lipid bead has a non-bonded interaction that obeys
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via a shifted Lennard-Jones (LJ) potential
Vnb = 4
[(σ
r
)12
−
(σ
r
)6
+
1
4
]
r < rc (4.2)
with rc = 2
1/6σ. Each lipid has two types of beads, a ‘head’ bead which interacts
with σhh = σht = 0.95σ and two ‘tail’ beads with σtt = 1σ,
Vtt(r) =

Vnb −  r < rc
− cos2 pi(r−rc)
2wc
rc ≤ r ≤ rc + wc
0 r > rc + wc
(4.3)
with three system parameters, , σ, and wc which we picked as 1.0, 1.0, and 1.6
respectively. There is no explicit solvent.
All beads interact with a spherical surface representing a nanoparticle by a mod-
ified Lennard-Jones potential
Vwall = 
[ 2
15
(σw
r
)9
−
(σw
r
)3]
r < 4σ (4.4)
which is softer than the traditional LJ potential and uses σw = 0.95σ with an increased
cutoff distance from rc to 4σ, which is approximately twice the thickness of a single
LNP layer. This ensures that the NP interacts strongly with the inner layer and
has a weak but nonzero interaction with the outer layer. The inner head groups
behave as desired because they are initially placed close to the core and so have the
strongest attraction, and because they attract each other more weakly than the tail
interactions, making them tend to stay closely tethered to the NP core. The inner
lipids are held strongly enough to make a stable nanostructure, but loosely enough
to allow exchange between layers (”flipflop”), allowing equilibration of the original
estimate of the ratio of inner to outer lipids. The outer layer is attached to the inner
layer by the attraction of the tail beads as usual.
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To initially construct a LNP, the total number of lipids is specified and an estimate
is made of how many should go into the inner and outer layers; typically an initial
ratio r ∼ 1.3 is sufficient with lower r needed for very large systems (>50, 000 lipids).
Each spherical layer is created using PACKMOL [124] by packing them on a spherical
surface and ensuring no particles overlap. Then, topology and potential parameters
are assigned to each particle using the molecule builder, Moltemplate [94], readying
the system for simulation.
4.2.2 Hybrid algorithm
In this approach Monte Carlo (MC) moves which change R are periodically taken
within a NVT MD algorithm, using the Metropolis acceptance rule [76, 77]. A single
LNP occupies a box of fixed volume, large enough so that it does not interact with
any periodic images or walls, only with the temperature bath, corresponding to zero
pressure. MC moves were implemented in LAMMPS [81] at the input script level
using a ‘label’ to create a loop in the input script code enabling a copy/paste solution
for running this hybrid MD/MC algorithm without recompiling any LAMMPS code.
In addition to its scientific merit presented in this work, the algorithm is also a
useful equilibration tool required to generate equilibrium configurations for LNP-like
systems in place of a more costly constant chemical potential algorithm or a simulation
of self-assembly for an entire system.
MC moves were attempted every 100 MD steps with a stepsize of 0.01σ for optimal
efficiency. The MC step frequency was not a particularly sensitive simulation param-
eter, but the choice of stepsize is crucial for optimal convergence to the equilibrium
core size, as shown in Figure 4·1. A small stepsize leads to a large acceptance proba-
bility because the energy change is small compared to thermal fluctuations, yielding
a truly random walk and overall rapid convergence. Conversely for a large stepsize,
MC moves are rarely accepted requiring many more steps to change the core size from
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Figure 4·1: Core size equilibration is insensitive towards the Monte
Carlo move frequency (top) but greatly depends on the magnitude of
the Monte Carlo trial stepsize (bottom) which has an optimum value
between 0.01σ and 0.005σ.
its initial to equilibrium value and hence overall slow convergence.
To test the idea that the core radius will equilibrate with a fixed number of lipids,
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we initiated simulations with R both too large and too small, for N = 11170 and
T = 1.1. Figure 4·2, top, shows rapid equilibration to the same final average of
R = 18.79 ± 0.02 σ even when starting with LNPs with torn bilayers (too large) or
bilayers with bubbles formed (too small). The ratio, r = No/Ni, also shows rapid
convergence, indicating sufficient flip-flop, Figure 4·2, bottom, for a wide range of
initial r.
4.2.3 Jarzynski algorithm
Alternatively for validation of the hybrid MD/MC approach, we sought a free energy
vs core size using the nonequilibrium Jarzynski method [149–151]. Small, instanta-
neous core radius changes equal to 0.001σ are made every 1000 time steps in an MD
simulation using LAMMPS, for both growing and shrinking the core. Since no heat
flows in the instantaneous change the sum of the potential energy changes equals the
work done, W . The work is then related to the free energy change, ∆F , using the
Jarzynski equality,
e−∆F (R)/kT = e−W (R)/kT (4.5)
where the overbar denotes an average over nonequilibrium trajectories, enabling the
nonequilibrium trajectory of an LNP with changing core size to yield an equilibrium
free energy difference.
For the identical system tested above for the hybrid algorithm, with N = 11, 170
and T = 1.1, Figure 4·3 shows free energies vs core size for both growing and shrinking
the core. While there is slight hysteresis, in both cases the minima, at R = 18.78 σ
and R = 18.81 σ for growing and shrinking, respectively, occur at a core size very
close to the average found in the hybrid algorithm, 18.79 σ. We primarily consider
the Jarzynski calculation as a demonstration of the broad applicability of the method
and a verification of the hybrid algorithm. The following analysis will be based on
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Figure 4·3: Potentials of mean force calculated from the Jarzynski
method. The R at the minima indicate the optimal core size, with
small hysteresis between growing (purple) and shrinking (green), show-
ing excellent agreement with 〈R〉 from the hybrid MD/MC method.
the hybrid algorithm.
4.3 Results
4.3.1 LNP packing
Here we report results from the hybrid algorithm for reduced temperature T = 1.1
which is scaled by the potential well depth such that kBT = 1.1. Using numbers of
lipids, N , ranging from 103 to 105, leads to average core radii, 〈R〉(N) ranging from
3.5 to 60 σ. In total, 28 separate LNP simulations were run until the NP core radius
was converged. Based on the bilayer thickness, which is experimentally known to be
∼4 nm, we estimate that 1σ ≈ 1 nm. We find that these sizes are compatible with the
LNP made by our experimental collaborators in the Reinhard group [1, 3, 7, 140, 143]
the smallest of which are in the range of ∼40 nm.
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The number of outer and inner lipids are now expressed as No(N) = N/(1 +
1/r(N)) and Ni(N) = N/(1 + r(N)), where we have dropped the averaging notation.
We have verified that expressing average No and Ni in this manner, via an average r,
gives identical results to computing them directly. We denote the inverse function to
〈R〉(N) as N(R), and use it to re-express No(N), Ni(N) and r(N) as functions of R,
No(R), Ni(R) and r(R). Figure 4·4 shows the equilibrated numbers of lipids vs R.
We aim to discover how the curvature of the core affects the packing of the lipids,
as reflected in their numbers. We began with the point of view that each layer has
an area per lipid and a radius for calculating the area as the surface of a sphere.
This idea works very well for the inner layer, where a surface is naturally determined
by the core. A very good two parameter fit is obtained, Ni = (4pi/ai)(R + rs)
2,
where rs indicates that the surface for the inner layer lies at the locus of the inner
headgroups, which are slightly further from the origin than R due to the nature of
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Figure 4·5: One parameter fit to Ni with R + rs determined by the
position of the inner lipid headgroups, and No determined by a three
parameter fit to (No −Ni)/Ni, showing excellent agreement with sim-
ulation data (points).
the core-headgroup pair potential.
In fitting it is paramount to minimize the number of parameters. Thus, hypothe-
sizing that R+rs coincides with the radius of the inner headgroups, with known R we
determine rs from the position of the minimum of the core-lipid potential and not as
a fit parameter. We then fit the same function given above as a 1-parameter fit, ob-
taining an excellent representation of the data, shown in Figure 4·5, with ai = 0.990.
This may be compared with the result for a lamellar bilayer at zero pressure in the
fluid phase, a = 1.04.
Thus in computing the number of lipids the inner layer behaves much like a flat
bilayer, once one recognizes that the relevant area is that of the headgroups, close
to the core. The possibility of describing a lipid layer of varying curvature with a
constant area/lipid might seem surprising. We believe the explanation is that the
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inner headgroups follow a well defined packing on the core surface, regardless of
whether there is more or less curvature influencing the arrangement of the tails.
Turning to the outer layer, we originally tried the same two-parameter fit as above.
A reasonable representation was obtained for intermediate R with deviations at large
and small R, and with a radius in the middle of the bilayer with no obvious physical
significance. For the outer layer, a constant area/lipid, ao, is not meaningful.
Thus we changed perspectives to considering that the outer layer adapts to the
composition and structure of the inner layer. Then the fractional excess, f(R) ≡
(No(R)−Ni(R))/Ni(R) = r(R)−1, is significant. A three parameter fit to a stretched
exponential, f(R) = b exp [−cRd] results in an excellent fit, with crucial features not
achieved by fitting No as was done for Ni; in particular, the number of lipids in both
layers go to the same value at large R. The best fit parameters are b = 11.026,
c = 1.537, and d = 0.296.
In view of our findings above for the inner and outer layers, one could express
No as equal to the core surface area times the inverse of an R-dependent area/lipid,
ai/(f(R)+1). We aim to avoid such dependences when the use of constant parameters
is possible.
4.3.2 Temperature dependence and phase transition
We have also performed simulations using the hybrid algorithm showing the temper-
ature dependence of LNP from T = 0.8 to T = 1.3 and N = 103 to 5× 104. It should
be noted that at low T lipid flip-flop between layers is too slow for sufficient equili-
bration, so we only include data starting at T = 0.95 where flip-flop occurs readily.
From these results, we observe the onset of a temperature mediated phase transition
through the behavior of several properties or order parameters.
Lamellar bilayers have an order/disorder transition at which the area/lipid in-
creases upon increasing T . Thus in an LNP with fixed N , the core radius should have
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Figure 4·6: Temperature and curvature induced phase transition. NP
core radius, divided by the average radius over all T for a given N ,
plotted vs T for several N .
a corresponding increase. As N is increased, ie as curvature is decreased, the expected
behavior is observed. The transition begins around T = 1.1 with N = 10, 000, and
gets sharper, and shifts to higher T = 1.15 with increasing N as shown in Figure 4·6,
where 〈R(T )〉 is plotted, “normalized” by division by the average over T for a given
N to give all the curves the same range of y-values.
With a small LNP like N = 2, 000, increasing T leads to a continuous increase
of the core radius while for N = 20, 000 and larger, it exhibits a sharp increase just
above T = 1.1, indicating a transition. It should be noted that the smallest LNP
show curves that trend downward at large T . Instead of having all lipids in the LNP,
some are lost to the bath and the effective LNP size is decreased leading to a smaller
than expected core radius. For example, in the case of N = 1, 000 at T = 1.25
there are actually 966 lipids (3.4% lost) present in the LNP on average. As LNP size
increases, the percentage of lipids lost rapidly decreases to an insignificant amount.
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With N = 10, 000 only 0.4% of lipids are lost to the bath.
In general, the phase transition can be understood in terms of three factors: curva-
ture, temperature, and the influence of the NP core. Decreasing curvature promotes
order, while increasing temperature promotes fluidity. The NP core has a strong direct
influence on the inner layer and has minimal long range interactions that affect the
outer layer, causing increased order throughout the inner layer. It is well established
that phase transitions are sharpest at the thermodynamic limit and we argue this
transition is sharpened with increasing N by both approaching the thermodynamic
limit and also by extra ordering caused by decreased curvature. With decreasing N ,
curvature stabilizes the fluid phase thus pushing the anticipated transition towards
lower T while simultaneously moving away from the thermodynamic limit, resulting
in a less defined and broadened transition evidenced in Figure 4·6.
Typical configurations of LNP are shown in Figure 4·7 and Figure 4·8 for low
and high temperature phases respectively. Large LNP (N=30, 000) have the largest
difference between phases with clear ordering around the core at low temperature and
disordered lipids at high temperature, while small LNP (N=2, 000) have no obvious
visual differences.
We determined it desirable to find another order parameter, independent of the
NP core radius, to observe lipid order. As the inter-layer packing is an important
determinant of LNP structure, especially of the outer layer, we calculated the inter-
layer overlap from the bead radial density functions. The T -dependent overlap for
each N behaves much like the core radius, with the same estimated transition tem-
perature and shifting from continuous to sharp starting above N = 10, 000, as shown
in Figure 4·9.
We suggest that the inter-layer overlap is determined by the space in the inner
layer available for the outer layer to pack into, consistent with the picture that the
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Figure 4·7: LNP configurations for low temperature, T = 1.0, for
N = 2, 000 (left), N = 10, 000 (center), and N = 30, 000 (right) for full
LNPs (top) and constant-zoom showing the bilayer structure (bottom)
with core omitted for clarity.
outer layer is controlled by the inner layer. Fluid lipids have disordered tails, so
the inner layer surface is more disordered and rougher than with an ordered phase,
giving the outer layer’s tail groups more spaces to pack. Thus a fluid LNP will have
more overlap than a gel LNP of same size. Considering the effects of curvature, the
inner lipids can be thought of as spokes of a wheel. At high curvature, the inner tail
groups have more space relative to the inner headgroups, leading to increasing overlap
with increasing curvature. Overall, the amount of inter-layer overlap is a good order
parameter for the transition.
Unlike a lamellar bilayer, a LNP is asymmetric with respect to its inner and outer
layers. As such, to further explore the radial order and the behavior of each layer
independently, we calculated bead radial density functions, Figure 4·10. Layers were
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Figure 4·8: LNP configurations for high temperature, T = 1.25, for
N = 2, 000 (left), N = 10, 000 (center), and N = 30, 000 (right) for full
LNPs (top) and constant-zoom showing the bilayer structure (bottom)
with core omitted for clarity.
identified by radial orientation of the lipid [97], calculated as the direction of the
head/tail bead vector. A Cooke model lipid has three beads which correspond to
three peaks in a density profile when in the ordered phase.
All LNP simulated had ordered inner layers with the exception of the smallest
LNP, N = 1, 000 at the highest temperature, T = 1.3 which showed a completely
structureless peak, Figure 4·10. In terms of the above-mentioned factors, a combi-
nation working towards disorder, high temperature and high curvature, are required
to overcome the ordering effect of the NP core to yield a completely disordered in-
ner layer. The observed inner layer transition is continuous as observed by eye from
the density profiles, yet even at the marginally lower T = 1.25, small peaks emerge
suggesting order. It should be noted that due to the lack of bilayer stability at that
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Figure 4·9: Inter-layer overlap, calculated from the density profiles,
versus temperature for all LNP sizes simulated showing a transition
emerging above N = 10, 000 at about T = 1.1.
high curvature, simulation at T > 1.3 is not possible while maintaining an LNP
structure. Other than this case, the inner layer remains ordered with the amount
of order increasing with decreased temperature and decreased curvature, as expected
and indicated by the height of peaks in Figure 4·10.
At large N and low T , added order emerges corresponding to two distinct inner
headgroup positions, indicated by the formation of a shoulder on the peak closest to
the NP core. For the case of N = 50, 000 shown in Figure 4·10, these secondary peaks
appear below T = 1.15 in agreement with the onset of the phase transition indicated
in the normalized core radius suggesting that the LNP inner layer undergoes an
order/order transition.
Interdigitation of the inner and outer tail groups has previously been reported
[100, 101]. We suggest that we are seeing interdigitation of the inner head head
groups with themselves, with the head beads occupying two distinct distances from
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Figure 4·10: Density profiles for LNP at various temperatures for the
inner and outer layer. N = 1, 000 (top) at varying T (colors) shows a
clear order/disorder transition in both the inner (solid lines) and outer
layers (dashed lines) with increasing temperature. At larger N = 2, 000
(center), only the transition in the outer layer is observed. N = 50, 000
(bottom) shows added structure forming between peaks in the inner
layer, and a well-ordered outer layer.
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the origin. A possible explanation is as follows. If the inner head beads are arranged
on an inner surface in a way that would be optimal in a lamellar bilayer, the tail beads
are further apart than optimal, due to curvature. The head beads cannot come closer
together to improve the tail interactions without running into short-ranged repulsions
if they stay on a single surface. However if some move out onto a second surface they
can form an interdigitated arrangement with the beads on the original surface, and
closer spacing of the tail beads. The shoulders indicating this phenomenon are very
clear at the largest R and the lowest T .
The outer layer is less ordered by the NP core and thus the order/disorder transi-
tion occurs with both lower temperature and lower curvature. With still small LNP,
N = 2, 000, the emergence of a continuous transition with increased temperature in
the outer layer can be glimpsed in Figure 4·10 despite the nearly linear normalized
core size in Figure 4·6. At large N = 50, 000 the transition between disorder, indi-
cated by an unstructured density with slight bumps, and order, indicated by three
distance maxima for each lipid bead position, becomes clear. The transition can
be discussed qualitatively based on the separation of the density profiles for each
temperature. For N = 2, 000, the density profiles are uniformly spaced indicating a
continuous transition throughout the temperature range. While for N = 50, 000, the
peaks for T = 0.95 through T = 1.05 are almost identical as well as the profile for
T = 1.2 through T = 1.3 with a large gap between them indicating a sharper, more
first-order like transition.
To quantify onset of disorder with increasing T in both the inner and outer layer
we calculated the average difference in maxima height for the three largest peaks of
the density profile in Figure 4·11. Points indicate the amount of change between
densities with neighboring temperatures with peaks corresponding to the strength
of the transition. For N > 10, 000 clear peaks are observed in both the inner and
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Figure 4·11: The average difference of density peaks heights between
neighboring T for all N for the inner (top) and outer (bottom) leaflets.
Peaks correspond to a maximum structural change, indicating the tem-
perature and the strength of the transition.
outer layers, while for N = 10, 000 a small peak is seen in the outer layer only.
Interestingly, all inner layer peaks are of larger magnitude than those in the outer
layer meaning that the inner layer exhibits a stronger transition. This suggests that
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the inner transition is more prominent in agreement with our prior hypothesis that
the inner layer controls the packing of the outer layer.
In the largest systems, the onset of secondary interdigitated peaks in the inner
layer, resulting in a transition from an ordered interdigitated to the ordered lipid
phase, and gaps in density of the outer layer, indicating a transition from ordered
to disordered lipids, occur at the same temperature, in agreement with other order
parameters. For small LNP, except N = 1, 000 discussed above, only the outer layer
exhibits a continuous transition. This suggests that both the inner and outer layer
transition, in different ways, at the same temperature, to obtain the discontinuous
transition observed in Figure 4·6 for N > 20, 000.
Shifting viewpoints to varying N at constant T , many of the observed trends are
the same as discussed above. With constant high T = 1.25, a clear ordering observed
with increased N , shown in Figure 4·12. While the effect is present for both layers,
the inner layer is most pronounced, showing large distinct peaks at large N . At low
T = 1.05, the inner layer is constantly ordered, but the onset of intermediate peaks
in the inner leaflet starts at N = 10, 000, further pinning down the beginning of the
ordered phase and the shift from a continuous to sharp transition.
4.3.3 STMD applied to LNP
To quantify the transition in further detail, we applied statistical temperature molec-
ular dynamics (STMD) to sample a flat energy ensemble between Tlow = 0.9 to
Thigh = 1.25 in a large, N = 30, 000 LNP[50, 54]. The core size was determined
by the hybrid MD/MC method with T = Thigh and was subsequently held fixed at
R = 34.8σ throughout the STMD trajectory.
STMD finds a fluid phase that is homogeneous and evenly wrapped layer around
the NP core. However, with the core size optimized for the fluid phase, upon tran-
sitioning to the gel there are not enough lipids present to fully cover the NP core at
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Figure 4·12: Density profiles for various sized LNP (colors) at
T = 1.25 (top) for the inner (solid lines) and outer layer (dashed
lines), showing emergence of order with increased N in both layers.
At T = 1.05 (bottom), a distinct shoulder emerges between the in-
ner layer peaks after N = 10, 000, indicating an ordered phase with
multiple headgroup positions, and an ordered outer layer.
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the ideal gel lipid density. One could imagine that either, the lipids would stretch
resulting in a abnormal low-density gel phase with higher than expected area per
lipid, or the bilayer could rip and form a pore, depending on the properties of the
bilayer and magnitude of the area mismatch between stable phases. For the Cooke
model, we find that the bilayer tears and forms a pore, exposing the bare NP surface,
upon transition to the gel phase.
A flat histogram is sampled with ample tunneling between stable phases. In total,
17 phase transitions between fluid and gel (with pore) states are observed over the
trajectory leading to the statistical temperature shown in Figure 4·13. STMD shows
excellent performance sampling over a large free energy barrier, which in addition to
a phase transition, now includes both tearing and repairing a pore in the bilayer.
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Figure 4·13: Statistical temperature obtained from STMD for N =
30, 000 with constant core size determined from the hybrid algorithm
with Teq = 1.13 as calculated from a Maxwell equal-area construction.
Inset: β
′
(U) with peak height greater than zero, indicating a first order
phase transition.
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As evidenced by the S-loop and inverse derivative of the statistical temperature,
β
′
(U), the transition strongly first order. A Maxwell construction performed on
the inverse statistical temperature identifies the equilibrium transition temperature,
Teq = 1.13, in excellent agreement with the location of the peak in β
′
(U) and results
from the hybrid MD/MC algorithm.
Interestingly, the peak in β
′
(U) is substantially larger than those of vesicles de-
scribed earlier[50], indicating a sharper transition. We attribute this to the formation
of the pore, which when coupled to the fluid→gel lipid transition necessitates that
both events occur simultaneously and prevents formation of the gel phase otherwise.
Similarly for the gel→fluid transition, the pore must close requiring a large enough
fraction of gel lipids to melt simultaneously.
4.4 Discussion
We aim to explore the effect of a central NP core on a surrounding one-component
bilayer. The relevant information sought, as a function of core radius R and temper-
ature T , is the equilibrium number of lipids in the outer and inner layers, No and Ni,
and the structure of the layers, in terms of order vs disorder and the behavior of any
transitions.
Simulation data were obtained with a hybrid canonical algorithm combining MD of
lipids around a fixed core and MC moves of the core radius. A three-bead lipid model
was used to allow inter-layer equilibration and simulation of a wide enough range
of total number of lipids, N , up to 100, 000, to determine essential R-dependences.
The simulations quickly reached equilibrated values of No, Ni and R, leading to the
functions No(R), Ni(R), and configurational information vs R. A Jarzynski nonequi-
librium free energy calculation of the optimal R was also demonstrated, with excellent
agreement.
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The hybrid algorithm, with variation of R, is an appealing fast alternative to
simulations of self-assembly or varying N at constant chemical potential, with fixed
R.
A lamellar bilayer is a useful point of departure to understanding the new phe-
nomena present in LNP. Both layers are identical, and numbers of lipids in a specified
area are simply area/(area/lipid). There is a well defined order/disorder transition
in the thermodynamic limit. As stated in the introduction, the curved shell of lipids
in an LNP is fundamentally different insofar as the area is not unique, leading to
ambiguity in area/lipid, which further might be expected to be R-dependent.
We fit both Ni(R) and No(R) to functions (4pi/a)(R+b)
2, where a is the area/lipid
and b the distance added to the core radius to determine the area as that of the surface
of a sphere. If good fits are obtained, it means that an R-independent area/lipid, and
a unique prescription for area, holds in the LNP.
A very good fit was obtained for the inner layer, with the relevant radius being
the position of the inner headgroups, and the constant area/lipid close to that of a
lamellar bilayer. The NP core provides a natural surface and the head beads arrange
themselves just outside of it much as they would in a lamellar bilayer. Due to the
”spokes on a wheel” aspect of curvature the tail-tail interactions are then presumably
not optimal, but the head beads cannot come closer without activating short-ranged
repulsions. Thus we find that the inner layer follows the simple picture from a lamellar
bilayer.
An adequate fit of No was obtained at intermediate R, which was not so good
at either end of the range. Furthermore, there is an essential difficulty in having
separate constant ao and ai, since the layers become equivalent in the limit of large
R and zero curvature as the system approaches a flat supported bilayer. Thus we
abandoned the idea of representing No as in a lamellar bilayer. We consider that
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the inner layer forms up on a well defined surface shaped by the core, but the outer
layer is controlled by the inner. Due to curvature and ”spokes on a wheel” there is,
roughly speaking, area on the outer surface of the inner layer for the tails of outer
layer to fill, corresponding to the excess of No over Ni. We fit the fractional excess to
a stretched exponential and got a superb fit, with a function that vanishes at large R
as it must, leading to a correspondingly good representation for No when combined
with our result for Ni.
Obviously, dividing No(R) by the area of the inner headgroup surface could yield
by definition the inverse of an ao(R), but this would not be physically meaningful.
We investigated the order/disorder transition in LNP with three order parameters,
the core radius, inter-layer overlap, and the difference of density peak heights, vs T ,
for various fixed N . In all cases, there is no transition observed at the smallest N ,
but it emerges with increasing N and is clear for the largest N .
Radial density functions provide both qualitative and intuitive pictures of order
and disorder showing a continuous transition at small N that sharpens to a transition
with first-order characteristics are large N . The greater order in the inner layer due
to the core is clear. In general it is expected that transitions become sharper with
increasing system size, but the effect is amplified in LNP because increasing size is
accompanied with decreasing curvature. As the transition becomes sharper, it moves
to higher temperature.
Our simulations revealed interdigitation of the inner headgroups with themselves,
occupying two distinct surfaces with slightly different radii, at the lowest T and the
largest N , allowing closer packing without encountering strong repulsions. This effect
occurred simultaneously with the order/disorder transition also observed in the outer
layer density function, combining to give a stronger overall transition. It might be
called an order/order transition.
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The core radius and the overlap are order parameters characterizing the whole
system. Our initial motivation for looking at the density functions was to examine
the layers individually. We find that the transitions occur at the same temperature
in each layer, although the ordering effect of the core could be said to make the
transition in the inner layer stronger.
We conclude that the phase of the LNP lipids is determined by the ordering effect
of the core, especially on the inner layer; the disordering effect of curvature; and the
usual effects of temperature and system size.
Chapter 5
Conclusions
5.1 Conclusion
Utilizing novel enhanced sampling methods, this dissertation has built the foundations
for molecular simulations of lipid-wrapped nanoparticles with a ground-up approach.
Beginning with flat bilayers in Chapter 2, we utilized the generalized replica ex-
change method and subsequent entropic analysis to elucidate detailed pathways of
coexisting states for both melting and freezing. In the case of a bilayer with explicit
water, the transitions become coupled leading concerted phase transitions in both
the water and lipid subsystems. We also studied size effects of bilayers with implicit
water, showing differences in both the transition pathway and transition temperature,
and has direct analogues to LNP, which are inherently far from the thermodynamic
limit. In the absence of both curvature and a supporting surface, lipid bilayers are a
model system to study the phase transition with molecular resolution.
Chapter 3 studied curvature and size effects in lipid vesicles, with diameters rang-
ing from 10 to 40 nm, simulated using the statistical temperature molecular dynamics
algorithm. Using the entropic analysis, transition temperatures were calculated and
shown to follow a linear trend with negative slope, in agreement with the broad trend
that curvature promotes the fluid phase, which includes both finite size and curvature
effects from increasing system size. STMD found distinct faceted gel phase structures,
also observed in experiment, with patches of gel lipids separated by seams of fluid
lipids with abnormally low density, instead of a homogeneous gel phase. We also
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analyzed the pathway of the transition with freezing of the outer layer first, since it
has lower curvature, and similarly melting of the inner layer first, due to its relative
higher curvature.
Finally, we examined LNP in Chapter 4, combining both curvature and the effects
from a rigid nanoparticle core on the surrounding lipid layer. Equilibration of LNP
is difficult with fixed core and lipid layer, as an alternative we developed a hybrid
MD/MC algorithm which varies the core size enabling fast equilibration for any lipid
wrapping. We obtained temperature dependence of LNP equilibrated using the hybrid
method, which showed evidence of an order/disorder transition in the lipids that
is a weak and broad transition for small LNP and becomes sharper and stronger
with decreasing curvature. However, in LNP the layers are not equivalent, the NP
core induced order in the inner leaflet, which competes with the disorder induced
by curvature. We found that only the smallest LNP at highest temperature had a
disordered inner layer, with transition to a weakly ordered inner layer at lower T .
With large LNP, the outer layer undergoes a stronger transition to an ordered leaflet,
and was discontinuous around N = 30, 000 and T = 1.15. Using STMD we simulated
a N = 30, 000 LNP with constant core size determined by the hybrid method, finding
a strong first-order transition between fluid and gel lipids and transition temperature
in agreement with an estimate from the hybrid MD/MC simulations. In addition
to the usual effects of temperature, LNP composition and phase depends on the
disordering effect of curvature (and hence system size) and the ordering effect of the
nanoparticle core, which is particularly strong in the inner layer.
5.2 Future Work
Future work could be proposed in two main directions, either algorithmic development
aimed at enhancements and new features or applied towards more realistic modeling
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of LNP.
For algorithmic development, several natural extensions arise, especially for the
ultimate goal of sampling a multicomponent LNP. Even without multiple components,
the presence of water and non-trivial effects from solvation are extremely important.
Potentially, “Solute STMD” could be developed with the goal of sampling a solute
or lipid subsystem with flat energy sampling and its surrounding water environment
with canonical Boltzmann sampling. This would bias sampling towards the lipid
portion of the system, leading to enhanced computational efficiency.
Another avenue also requires utilization of multiple sampling weights in the same
simulation. Combining the accuracy of the gREM with the scalability of STMD could
be possible with Replica Exchange. Certain replicas in energy or enthalpy ranges with
rugged energy landscapes, like in the coexisting states of a phase transition, could
be densely populated with gREM replicas, leading to a more accurate determination
of TS(U), while regions like the stable fluid or gel phases could be STMD replicas,
requiring only 1 replica to sample the entire stable phase.
Future studies utilizing more realistic LNP models are highly desirable. Differ-
ent core types, aimed to model different types of specific nanoparticles, and surface
roughness are important properties that are easily studied with molecular dynamics.
A MARTINI model study, or even all-atom molecular model, of a full size LNP
would yield insights to the transition process with even higher resolution. Further,
it enables the use of different lipid types, which are crucial for LNP function and
have a large impact on the phase of the membrane wrapping. Future studies in-
cluding cholesterol, other lipids, and ultimately guest molecules are crucial for direct
comparison to experimental results and prediction of new properties and behavior.
Appendix A
Appendix
A.1 Replica distributions used for gREM simulations on lipid
bilayers
All simulations were run with eta and H0 specified in-text, a timestep of 30.0fs, a ther-
mostat damping constant of 3000.0, and a barostat damping constant of 30000.0. The
per-replica number of steps for each simulation after initial equilibration is indicated
in parentheses. Replica exchange was performed with the following λ distributions.
32-Wet (melting, 147 ns): 280 286 292 298 304 310 316 322 328 334 340 346
352 358 364 370 376 382 388 394 400 406 412 418 424 430 436 442 448 454 460 466
472 478 484 490 496 502 508 514 520 526 532 538 544 550 556 562 568 574 580 586
592 598 604 610 616 618 620 622 628 634 640 646 652 658 664 670 676 682 688 694
700
32-Wet (freezing, 417 ns): 700 694 688 682 676 670 664 658 652 646 640 634
628 622 616 614 612 610 604 598 592 586 580 574 572 570 568 562 556 550 544 538
532 526 520 514 508 502 496 490 484 478 472 466 460 454 448 442 436 430 424 418
412 406 400 394 388 382 376 370 364 358 352 346 340 334 328 322 316 310 304 298
292
32-Wet (gel + liquid water, 720 ns): 880 885 890 895 900 905 910 915 920
925 930 935 940 945 950 955 960 965 970
32 Dry (melting, 252 ns): 300 310 320 330 340 350 360 370 380 390 400 410
420 430 440 450 460 470 480 490 500 510 520 530 540 550 560 570 580 590 600 610
96
620 630 640 650 660 665 670 675 680 690 700 704 708 710 714 720 726 730 733 740
750 760 770 780 790 800 810 820 830 840 850 860 870 880 890 900 910 920 930 940
950 960 970 980 990 1000
390 Dry (melting, 111 ns): 300 310 320 330 340 350 360 370 380 390 400 410
420 430 440 450 460 470 480 490 500 510 520 530 540 550 560 570 580 590 600 610
620 630 640 650 660 665 670 675 680 690 700 704 708 710 714 720 726 730 733 740
750 760 770 780 790 800 810 820 830 840 850 860 870 880 890 900 910 920 930 940
950 960 970 980 990 1000
390 Dry (freezing, 126 ns): 1000 990 980 970 960 950 940 930 920 910 900 890
880 870 860 850 840 830 820 810 800 790 780 770 760 750 740 730 728 727 726 722
718 714 710 706 705 704 703 700 695 690 685 680 675 670 665 660 655 650 640 630
620 610 600 590 580 570 560 550 540 530 520 510 500 490 480 470 460 450 440 430
420 410 400 390 380 370 360 350 340 330 320 310 300
A.2 Fluid/Gel Vesicles from STMD
Movies of the trajectories showing a typical fluid→gel→fluid transition from the
STMD trajectory are hosted on the Boston University Google Drive
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Figure A·1: Top: Energy trajectory showing two transition events
(purple) and trajectory of the outer / inner layer lipid ratio (green)
showing that STMD finds lipid flip-flop events coupled to the transition.
Bottom: TS(U) for different inner leaflet number Ni/No = 0.59 with
Ni = 1900 (purple) and Ni/No = 0.62 with Ni = 1950 (green), with
constant total N = 5100, as in the 20 nm vesicle. The transition is not
particularly sensitive to minor changes to the initial lipid ratio, with
only minor differences are present in the transition region. However,
it is worth noting that large changes can prevent initial formation of a
stable vesicle to begin with.
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Outer Inner
Figure A·2: Snapshots of the 40 nm vesicle, with outer layer (left) and
inner layer (right) during a typical freezing event. The same progression
is followed as in the 20 nm vesicle and described in-text.
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Outer Inner
Figure A·3: Melting of the 40 nm vesicle, with outer layer (left) and
inner layer (right).
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Outer Inner
Figure A·4: Freezing of the 10 nm vesicle. Outer leaflet is shown on
the left and inner leaflet on the right. The most gel configurations are
the least spherical due to large flat gel patches that form.
101
Outer Inner
Figure A·5: Melting of the 10 nm vesicle, with outer layer (left) and
inner layer (right).
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